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Pedepat. B mpexncraBnennol paboTe aHAINTHYECKH ONPENCISIOTCS BEPTHKAIBHBIE IIepEMENIeHHs] BepXHEH IrpaHu yIpyron
MOJIYIOJOCH ¢ HWXHEH IIapHUPHO ONEPTOH IpaHblO OT JEHCTBUS BEPTUKAIBHOW COCPEOTOUCHHOM CHIIBI, MPUI0KEHHOMH
K BepxHell rpaHu. [Ipy 3TOM HCHONB3yeTCss METO CIELHAIBHOM anmpoKcuManuu, panee 3p(exTHo npuMeHseMblii B pabotax
. Cuennona u nozauee B. M. AnexcannpoBa. Ha HibkHEH rpaHy OTyIIOIOCH IPHHUMAIOTCS] pAaBHBIMU HYJIIO BEPTUKAJIBHBIE
TIepeMeIeHUs] U KacaTelbHbIe HaNpsHKeHHs. VIckoMoe BBIpaKeHHE AN TepeMEIIeHNi CKIIaAbIBAacTCs U3 MepeMeIeHni Oec-
KOHEYHOH IOJIOCH OT AeHCTBUS ABYX CUMMETPUYHO IIPUIIOKCHHBIX BEPTUKAIBHBIX CUJI U CAMOYPABHOBELICHHON HOpMAaIbHOM
TOPHU30HTAIHON HArpy3Ku, IPUIIOKEHHOU K TOPIY MOIYIONIOCH U paBHOH HOPMaJIbHBIM TOPU30HTAIBHBIM HAIPSKECHUAM OT
JEUCTBUS IBYyX CUMMETPHYHO IPHIOKCHHBIM CHJIaM K OECKOHEYHOMH I1oJioce ¢ oOpaTHBIM 3HaKoM. IlepemerieHus oT camo-
YPaBHOBEILIEHHOH HArpy3KH MO MeToAy PuTua mpeacTaBisioTcs B BHIE ABOMHOIO psijia MO KIACCHYECKHM OPTOrOHAIBHBIM
GYHKLIMAM — IOJIMHOMAaM DpMuTa ¢ BecoM U Jlexanapa ¢ HeonpeleneHHbIMI KO3 QUIHEeHTaMH, KOTOPBIE ONpPEeNeIsIOTCs
13 YCIOBUSI MHHHMyMa (DYHKIMOHAJIA MOJHOH 3Hepruu AedopManuii moIymnoaockl ¥ paboTHl TOPIIEBOH caMOYypaBHOBEIICH-
HOU TOpu3OHTaNbHOI Harpysku. [lomydeHHOe BEIpakKeHHE Ul NEPEeMEINCHUI CONEPKHUT dJIeMEHTapHble (YHKINH, MMEET
Jorapu(pMUUECKyI0 0OCOOCHHOCTh B TOYKE NMPUJIOXKEHHsI CHJIBI U yObIBaeT Ha OeckoHeyHOCTH. IIpuBonsTcsl rpauku BepTH-
KaJbHBIX IepeMeIleHUI BepXHel I'paHM MOJIYHOJIOCH IPU PAa3IMYHBIX MOJOXKEHUSIX BHEIIHEH BepTUKAIBbHON CHibl. Taxke
rpadM4ecKu MoKa3aHa TOYHOCTDH IPUHATON CHELHAIBHON ammpokcuMaryu. [ToayueHHbIe pe3ynbTaThl MOTYT HAHTH IpHMe-
HEHHE TIPH PEIICHNN Pa3INIHBIX KOHTAKTHBIX 3aJa4 IS yIPyToH MOTyTOI0CH], Harpy>KEHHOH 110 BEpXHEH I'paHu.
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Green’s Function for Elastic Half-Strip
S. V. Bosakov", M. A. Melyanyuk"

YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. In the presented work, vertical displacements of the upper face of an elastic half-strip with a hinged lower face
are analytically determined under the action of a vertical concentrated force applied vertically to the upper face. In this case,
the method of special approximation is used, previously effectively used in the works of I. Sneddon and, later, V. M. Alexan-
drov. On the lower face of the half-strip, vertical displacements and tangential stresses are assumed to be equal to zero.
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The desired expression for the displacements consists of the displacements of the infinite strip under the action of two sym-
metrically applied vertical forces and a self-balanced normal horizontal load applied to the end of the half-strip and equal
to the normal horizontal stresses under the action of two symmetrically applied forces to the infinite strip with the opposite
sign. The displacements under a self-balanced load according to the Ritz method are presented as a double series in classical
orthogonal functions — Hermite poly-nomials with weight and Legendre polynomials with undetermined coefficients, which
are determined under the condition of the minimum of the functional of the total energy of deformations of the half-strip and
the work of the end self-balanced horizontal load. The obtained expression for displacements contains elementary functions,
has a logarithmic singularity at the point of application of the force and decreases at infinity. Graphs of vertical displacements
of the upper face of the half-strip are given for different positions of the external vertical force. The accuracy of the adopted
special approximation is also shown graphically. The obtained results can be used to solve various contact problems for

an elastic half-strip loaded along the upper face.
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BBenenue

B crarpbe [1] mpuBenena oOmmpHas OuUOIHO-
rpadusi TO HCCIEAOBAHUIO HAMPsKEHHO-AehOop-
MHUPOBAHHOTO COCTOSIHUSL YIPYTOW TIONYIOJIOCH.
ABTOpEI [2-5] paccMmaTpWBaNM pa3TUYHBIE KOH-
TaKTHBIE 3aJaul U NoIynoiocsl. Huke momyde-
HO aHAMTUYECKOE BBIpAKEHUE Ul OIpeselie-
HUsI BEPTHUKAJbHBIX IIEpEeMEIIeHUI BEepXHEH rpa-
HHU TIOJIYIIOJIOCH OT AEHCTBHSA COCPENOTOYEHHOM
cwsl (puc. 1).

1 \LP

a

Puc. 1. Tlonynonoca noxa neicTBUeM cOCpeJOTOUEHHON CHITB

Fig. 1. Half-strip under concentrated force

OcHOBHAA YACTh

PaccmoTpuM OecKOHEUHYIO MOJIOCY, CUMMET-
pUYHO HarpyXeHHyio JByMs cuiamu P. Ilo ocu
CUMMETPHUH TOJIOCHl OyAyT [eHCTBOBaTh CaMo-
YPaBHOBCIICHHBIC HOPMAaJIbHBIC HAIIPSKCHUSA, BbI-
paxkeHue ISl KOTOPBIX MOXKHO ONPEJEeNUTh 10 pe-
synbraram . C. Ydnsauna [6]:
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TlpunoxuB K TOPUEBOW T'paHU MOJYIOJIOCHI
HOpMaJIbHBIE HampspkeHus (1) ¢ 0OpaTHBEIM 3HAKOM
" OMpeACIMB OT HUX BEPTUKAJIIBHBIC IICPEMEILICHUSA
BEpXHEH I'paHH MOJYTOJIOCKHI, BMECTE C IepeMelle-
HUSMU TIOJIOCHI OT JICHCTBUS ABYX CHJI P MOy4uM
nckomyro pyunkuuto ['puna.

Ilepemenienuss BepXHEeil TpaHH MOJOCH OT
cun P uzBecTHbI [7]

2P(1-v?)
V=
nE
xijl(u) cosu>—2 + cosu X8 ﬂ, )
0 h h u

L (u) = cosh®u—1
' 2u +sinh 2u

rne v, £ — xoapdunment [lyaccona u momyns
YOPYTOCTH MaTepHalia OTYIIOJIOCH.

OmpenenuM TmiepeMelieHUs BEpXHEH TpaHu
MOJYTOJIOCKl OT CaMOYpPaBHOBEUIEHHOW TOPIEBOU
Harpy3ku (1). Ilpexme Bcero 3ameTuM, 9TO CO-
rmacao npuHNuy CeH-Benana [8] atu mepeme-
mieHust OyayT OBICTpO yOBIBaTH OT MECTa MPHIIO-
JKeHusl Harpy3ku. [loaToMy mpeacTaBuM mepeme-
IICHUS B BUJE JBOWHBIX PSAAOB IO MOJIWHOMAaM
Opmura ¢ Becom u Jlexanapa [9]:

U(x,y) = exP(_;_zJiiAzm,anzm (%jpzn [%ja

m=0 n=0
3)
2 © o0
V(x?y) = exp[_%jzzBZm,ZnﬂHZm (%jgnﬂ [%)’
m=0 n=0

rane H(z),P(z)-nomuoml Opmura u Jle-

JKaHpa.

293



Mexanuxa deghopmupyemozo meepoozo mena

Haiinem osHepruto pedopmanuii Mmoyrymnoso-
¢l [8] mo Beipaxkenusm (3)

el g aUY (ov U ov
2”[2(1#)[(5} +[8y] o 55}
00 (4)
N EZ[aUJraVUdd
40-vH)L oy ox

PaboTa HOpMasbHBIX HAPSKEHUH G, pu X = 0

W= ch ol (5)

IIpu yuere mepBBIX BOCBMH YJIEHOB JIBOMHBIX
psnoB (3) ans (5) momydaem:

o
P = 3P\/%_[L2 (1)(4, —24,,)cosh (%pjdu,

(6)
2+2u® —2cosh2p + ps1nh2p
L
z(u) (2u+smh2p)

[ BBIYMCIIEHHS HECOOCTBEHHBIX HHTETpa-
noB (2) u (6) wcmonb3yeM crocod CHeruaabHON
aImpoOKCUMAITUH. DTOT CII0C00, BUANMO, BIICPBBIC,
ucnons3oBann M. CHemmoH TpH CUMMETPUYIHOMN
nedopmanuu TosncTol miactusbl [10], mo3aHee —
B. M. AnekcanapoB [7] mpu pelIEHHMH KOHTAaKT-
HBIX 33/1a4 7 1MoJIockl M KnuHa. [losToMy Ha oc-
HOBaHMM AaCHUMITOTHYECKUX CBOMCTB MOJBIHTE-

rpajbHbIX QyHKIMHA L, (u), L, (u) MIPUHUMAEM:

3

u
L = tanh _
1( ) tan 2+4cosh2u

tanh” 0 41|.L
4,2+

(7
L,(1)=0,71

TouHOCTh anmnpokcuManuu (7) MOXKHO OLECHUTh
o rpadukam puc. 2 u 3.

Hanee ucnonbzyeM (OpMYJIbI pa3IOKEHHH U
uHrerpanos [9, 11]:
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Puc. 2. CpaBHEeHHE TOYHOT'O U aNlIPOKCUMUPOBAHHOTO
(KpacHbIi UBeT) BeIpaKeHUH 11 L(u)

Puc. 2. CpaBHEeHUE TOUHOT'O U alIIPOKCUMHPOBAHHOTO
(KpacHBIH LBET) BBIpaKeHUH 1is L (u)
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Puc. 3. CpaBHeHHE TOYHOI'O U allIPOKCUMHUPOBAHHOIO
(KpacHBIH LBET) BBIpOKEHUH 11 Lo(u)

Fig. 3. Comparison of exact and approximate (red)
expressions for L,(u)
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Haxoaunace sHeprus aedopmanuii (4) u pabo-
Ta BHEIIHEH Harpy3ku (6) C UCIOIb30BaHUEM
npeacTaBieHuil s nepememienuit  (3), ¢op-
Myn (8) mns mepBBIX BOCBMH YJICHOB JBOWHOTO
psAga. 3areM MONy4YeHHOE BbIpaxkeHue audde-
PEHIIMPOBANIOCH 10 KaXIIOMy W3 HEU3BECTHBIX
B

2m,2n+1

ko3 duruenros 4, U, COIJIACHO Me-

m,2n?>
tony Putna [8], nmpupaBHuBanock Hym 0. Pemenne
00pa3oBaHHOM CHCTEMBl JMHEHHBIX anreOpaunye-
CKUX ypaBHEHW M03BOJsIeT HaTh (yHKIuio ['pu-
Ha JUIS ONpEACICHUS] BEPTHKAIBHBIX IE€peMelie-
HUN BEpXHEU I'paHu MOJYIMOJOCH OT IEUCTBUS CO-
CPEIOTOUYEHHON CHIIBI B CIEYIOIIEM BUE:

P(1-v* —
V(x,h)z—M In| cth RM +
1923 2h
3 —
+ In| cth nM ~ T | 3+cosh M -
2h 512 2h
L Tc3 _3 + COShL_a) Sech3 M —_
512 2h 4h
R Y (€ S A R CE XA
512 2h 4h

+ e_ﬁ i i BZm,2n+1H2m (%j ‘

m=0 n=0
OtMernM, 49TO GopMyIasl Il Kodhdummen-

T0B 4,,,,, B UMEIOT TPOMO3JKHMK BUJ W B

2m,2n+1
CTaThe HE MPUBOASITCS.

Ha puc. 4 nokaszansl rpadukn nepemMenieHui
BEpXHEH IpaHW MOJYNOJIOCH MPH Pa3IMYHBIX IO-
JIOKEHUSIX BHEIIHeH cuibl 1 koddunuente [lyac-
COHa MaTepuaJa nomymnosocs! v = 0,167.

BBIBO/I

B pabote mpuBeneHO aHATUTHYECKOE BBIpaXke-
HUE Ui BEPTUKAJIBHBIX TEpPEMELICHUN BepXHel
IpaHd yNOPYroil MOJYIOJIOCEl C 3aKpEeIUICHHOH
HUKHEH TpaHblO OT ACUCTBUS BEPTUKAIBHOM CO-
CPEIOTOYEHHON CUIIbI, MPUIOKEHHON K BEpXHEU
rpaHd. BbIpaxeHne coIepXHUT 3JEMEHTapHbIC
(YHKUUHU ¥ MOXET OBITh MCIIOJIB30BAHO VIS pelle-
HUSI pa3HOOOPAa3HBIX KOHTAKTHBIX 33134 ATl YIIpy-
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roif moaymnoaockl. [10100HBINH MOAX0 MOXKET OBITH
WCIIONB30BaH JUISL OIpPEACNICHUS BEPTUKATBHBIX
MEPEMEIICHUN TOITYIIONOCH C WHBIMUA TPaHUYHBI-
MU yCIIOBUSIMH TI0 €€ HIDKHEH TpaHu.

o [
[\S]
(U8)
o~
wn
T =

Puc. 4. T'padukn BepTUKAIbHBIX IEPEMEIICHUIT BepXHel

TpaHy MOJIYTIONIOCH OT ICHCTBUS COCPEXOTOYECHHON CHIIBI

st a = 0,5h; a = h; a=2h npu kodddurrente [Tyaccona
MaTepuana noxymonocs 0,167

Fig. 4. Graphs of vertical displacements of the upper face
of the half-strip under the action of a concentrated force
for a = 0,5h; a = h; a = 2h for the Poisson’s ratio
of the half-strip material of 0.167
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