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IIpuMeHeHue 02J10YHBIX PYHKUMH JJIA CTATHYECKOI0 pacyera
H3rudaemMpIX CTep:KHEH U MPAMOYT0JIbHBIX IJINT
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Pedepat. B npencraBnenHoii padore nporudbl CTEP>KHS U MPSIMOYTOIBHOM IUIUTHI € JIOOBIMU TUIIAMHU T'PAaHUYHBIX yCIOBUI
HpeyiaraeTcs NpeACTaBIATh B BUJE Pila M JBOMHOrO psja Mo coOCTBEHHbIM (GYHKUMSM Iud(epeHIaIbHOrO ypaBHEHUS
M3TUOHBIX KoJeOaHui GaKH MM IJIMTHI C COOTBETCTBYIOIIMMH IPaHUYHBIMU ycioBusamH. anee o merony Puria onpene-
asercst (GYHKLUMOHAJT IOJHON SHEPrUM M3ruba CTepikHA M M3rnda M KpydeHMs IUIMTHI U JEHCTBYIOIICH Ha HUX BHELIHEH
Harpy3ku. Jlis cTepikHs ¢ JIIOOBIMM THIIAMU T'PaHUYHBIX YCIOBHH auddepeHunpoBaHreM (yHKIMOHAJA IOJHOW SHEPriu
HOJIyYEHO TOYHOE pelIeHHe Uil IPOruboB B BUE ObICTPO cxomsiero psna. [Ipu 3ToM HCIonb30BaHbl paHee OIyOINKOBaH-
Hble pe3ynbTatsl C. I1. Tumomenko u E. C. Copoxuna. {1 npsIMOYTONbHON IUINTBI, UCIOJb3Ysl CBOMCTBO OPTOrOHAJIbHOCTH
COOCTBEHHBIX (DYHKIMH M MX BTOPBIX IPOU3BOAHBIX, BEIYUCIIAETCS KBAJAPATHYHBINA (DYHKIIMOHANI OT HEONPEAEICHHBIX KOI(]-
¢unmeHToB nmpu cobcTBeHHBIX QyHKuMIX. JuddepenunpoBanneM (pyHKIHOHANA IO KaXIOMY M3 HEU3BECTHBIX KOI(DQHIH-
€HTOB 0oOpa3yercs OECKOHEUYHasl CHCTeMa JIMHEHHBIX anreOpaudecKuxX ypaBHEHHUH, pelleHHe KOTOPOH crocoOoM yceueHws,
MO3BOJISIET HAWTH MPOrHObI IINTHL. Janee N3BECTHBIMU METOJaMU TEOPUH N3rHOaeMbIX IUIACTUHOK HAXOIATCS yCUIIHS B IUIH-
te. [IpuBenens! aBa npuMepa pacdyera NPSIMOYTOJIBHOH IUTUTHI ¢ YETHIPHMS ONEPTHIMU TPAHSIMU U IUIUTHI C JIBYMSI OIIEPTHIMHU
rpaasmu. [Ipearaemslii OAX0A NPOCT, YHUBEPCAJICH U ITO3BOJISIET PACCUUTHIBATH MIPSMOYTOJIBHBIE IUIHTHI C JIIOOBIMH THIIA-
MH TPaHHYHBIX YCJIOBHH Ha KOHTYpe Ha IPOHM3BOJIBHYIO BHEIIHIOI Harpy3ky. B craTtbe mpuBeneHa TabimIa cOOCTBEHHBIX
yucen 1 GopM ISt pacueTa MpsSMOYTOJIBHBIX IUIHT.
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Application of Beam Functions for Static Calculation of Bending Rods
and Rectangular Plates

S. V. Bosakov

YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. In this paper, the deflections of a rod and a rectangular plate with any types of boundary conditions are proposed to
be represented as a series and a double series of eigenfunctions of the differential equation of bending vibrations of a beam or
plate with the corresponding boundary conditions. Then, using the Ritz method, the functional of the total energy of rod bend-
ing and bending and torsion of the plate and the external load acting on them is determined. For a rod with any types
of boundary conditions, by differentiating the functional of the total energy, an exact solution for deflections in the form of
a rapidly converging series is obtained. In this case, previously published results by S.P. Timoshenko and E.S. Sorokina are
used. For a rectangular plate, using the orthogonality property of eigenfunctions and their second derivatives, a quadratic func-
tional of the indefinite coefficients at the eigenfunctions is calculated. Differentiating the functional with respect to each of the
unknown coefficients forms an infinite system of linear algebraic equations, the solution of which by the truncation method
allows us to find the deflections of the plate. Further, the forces in the plate are found using known methods. Two examples
of calculating a rectangular plate with four supported edges and a plate with two supported edges are given. The proposed
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approach is simple, universal and allows calculating rectangular plates with any types of boundary conditions on the contour
for an arbitrary external load. The article provides a table of eigenvalues and forms for calculating rectangular plates.
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BBenenue

[Mox 6anounsiMu QyHKUUSIMH B pabore Oyaem
MOHUMATh COOCTBEHHBIC (GyHKIMH IuddhepeHIu-
AIBHOTO ypaBHEHUS M3TUOHBIX KOJEeOaHUH CTepXk-
HS C HETIPEPBIBHO pacmpeneiaeHHol maccol. Takue
(hyHKIUY [UTsT pa3iudHO OMEPTHIX 0aloK MmocTpoe-
HbI B padoTax C. I1. Tumomenxo [1], B. H. ®aane-
eBoit [2]. ABTopoM OHHM coOpaHbl B Tabm. 1, rme
TaKKe MPHUBOJATCS ypaBHEHHS U OIpEeIeHUs
COOCTBEHHBIX YHCEJI W BEIWYHHBI IMEPBBIX TPeX
COOCTBEHHBIX YHCE] W YpPaBHEHHUS /ISl ONpeselie-
HUS TOCIenyroImuX. PaHee TaONHIBI YUCIIEHHBIX
3HaYeHWH ATUX (YHKIUH M WHTETpaioB OT HHX
npuBeacHsl B MoHorpaduu E. C. Copoxmna [3]
u no3aaee y M. M. babakoBa [4] manbl TaOIUIIEI
IUIL OIpEeNleJIeHUs] 4acTOT COOCTBEHHBIX Koieba-
HUN pPa3ITU4HO OINEPTHIX MNPSMOYTONBHBIX I[UIHT.

DTy XKe 3a7ady pemanud aBTopsl [S5, 6]. bamounsie
(YHKIIMM U YeTHBIE IPOU3BOJIHBIE OT HUX OPTOTO-
HAJIBHBI U MOJIC3HBI IIPpU PCIICHUHU 3ada4 CTAaTUKHU,
JUHAMHUKU H YCTOﬁHHBOCTH Pa3IMYHO OICPTHIX
CTEpKHEH U OaloK.

OcHoBHAasl YacTh

1. PaccMoTpuM m3rubaemelii CTEp:KeHb C JIIO-
OBIMHU IPAaHUYHBIMH yCIOBHAMH.

OHeprust nedopmanuii u3ruda BeIpakaeTcs n3-
BecTHOH (hopMyIIoi [1]

2 2
v=t. /(d Y] dx, (1)

2 Jol ax?

rne EJ,{—wu3rnOHas >KeCTKOCTh U JIMHA CTEPXK-
HS;, Y — IPOTHOBI CTEPIKHS.

Tabnruya 1
Banounble pynkuun
Beam functions
— X
0 a
cos Xy (sinX, —sinh2, ) cosh(&j(sinkk—sinhkk)
. [xkk) a a . (xkkj
Z, =—sin| — |+ + —sinh| —
a cosi, —coshA, cosA, —coshA,
coshi, cosh, —1=0, A, =4,73004; A,=7,8532; A,=10,9955; A, =X, +7, k=45,..
Z =c0s(x—k"j+ 1+coth, Sin[&j_cosh[& _sechh, (1-cos, sinhx_k +sini, sinhxk)sinh(ﬁj
a 1—coth, a a cosh, —sinA, a
tanA, —tanhA, =0; A, =3,9266; A, =7,0686; A,=10,2102; A, =A, +m, k=4,5, ..
3000
Z:
1000
—1000+
—20001
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IIpooonsncenue mabn. 1
Continuation of the table 1

(LS L)

Z, = cos(ﬁ] - cosh(x—kk] _ SOSA, TCOS Aot C,OSh M sin (X—Mj 4 SO8% T COS Ty At C.OSh Ay sinh(ﬁj
a a sinA, +sinh 2, a sinA, +sinhA, a

I+cosh, coshd, =0; A, =1,8751; A, =4,6941; A, =7,80648, A, =N, +7, k=45,..

1,0¢

0,5

0,2

+

XA
(cosh, —cosh?»k)sin(—")
Z, = cos(x—MJ —cosh ()C_MJ - a

a a sinA, —sinh,

(cosi, —cosh Xk)sinh(ﬁJ
a

+
sin, —sinh A,

tand, —tanhA, =0; A, =3,9266; A,=7,0686; A,=10,2102; A, =X,  +7m k=4,5,..

| F
Zi ,ffx
o / >/\
[ \
i y 0,6 \o,

Q1=

1,0
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Oxkonuanue maban. 1
End of table 1

34

Cer
274

sin(xk" J(coshk,C sinA, +cosi, sinh}, ) (coshi, sind, +cosk, sinh, )sinh(x—xkj
a a
+

Z, :cos(—"j-r - . - .
a —1+cosA, coshA, —sinA, sinhA, 1—cosA, coshA, +sin}, sinh A,

cosh(x—k"](coskk —sechi, +sinA, tanhA, )
a
+

cosA, —sechA, —sin, tanhA,

coshi, cosh, —1=0, A, =4,73004; A, =7,8532; A,=10,9955; X, =h, , +m k=45, .

IIpencraBum

0 X d4y 7\'4
Y= ;Akyk [kk Zj’ dx4k _Z_icyk =0. (2)

3nece A,,y,, A, —COOCTBEHHBIC 4HCa, COOCTBEHHBIC (DYHKIMM M HEU3BECTHBIC IOCTOSHHBIE KO3(hdH-

[UCHTHI.
[Toacrasum (2) B (1) u BEITOJIHMM HHTETpHpOBaHUE ¢ yueToM [1, 3]:

¢ X X .
jo yi[kizjyk [Kk Zjdsz, i#k;

‘¢, 0 o, )
= =y2(0)———y/ () y"( 1)+ ()|, i=k A3)
(£ a0+ o0
Y O U S
IO V] (ki zjdx—FJ‘O », (ki zjdx.
ITpu neiicTBUM Ha CTEP>KEHb COCPEAOTOUEHHON Jist mapHUPHO ONEPTOrO CTEPIKHS:

CHIIBI P B TOYKE Xp COCTaBUM (YHKLMOHAI OJTHOM
sHepruu nedopMarii u3ruda U JACHCTBYIOIICH Ha A =km oy, = sin( knfj; v ( g) - y,”( f) =0;
CTepXeHb Harpys3ku npu BeimonHeHuu (2). Ilpo- l '

madepeHITPOBaB MOIYUYESHHOE BEIpAKEHUE TI0 Ay _%
U TIPUPABHSB MOJYYCHHOE BBIPAXKCHUE HYJIIO, TO- Y ()] (€)=—[7] cos’ (km).
ayduM GopMyny Ui A; TPH JTHOOBIX TPAHUYHBIX

YCIOBHSIX Ha KOHIAX CTEPXKHS ¢
Ecm xp = > TO

A4 =
P 4 . kmx
= AP0’ 7 (M ! ) “ Y= iA sin(knfj = 2P0 i SIHT sin(k—nj
ET (107 (0205 (0370 + 57 (1) zAsm A e )
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JIs MakCUMaJIBbHOT'O TPOTH0a MOIYYrM C yUe-

_pre
" AREJ

Takum 00pa3oM, MOJYYEHO BBIPAKEHHUE (PYHK-
min ['puHa B (opMe OECKOHEYHOTO psma IS
Oanmku ¢ JIIOOBIMA THIIAMH TPAHUYHBIX YCJIOBHHU.
OTO BBIpaXKEHHE TO3BOJISIET PeliaTh Pa3HOOOPa3HbIC
3aJ]a4u¥ CTATHKY TIPH JIFOOOM Harpy>KeHHH OajoK.

2. PaccmoTpum Bompoc pUMeHEHHsI 0aT0YHBIX
(hyHKIMI K pacyeTy MpSAMOYTOJbHBIX U3rH0aeMBbIX
IUTUT ¢ UcToib30BaHueM metona Purua [7]. Cpasy
OTMETHM, €CJIM TUTHTA TI0 YeThIPEeM CTOPOHAM OTIH-
paetcsi, To 3Heprus Aegopmanuii u3ruda u Kpyue-
HUS TUTUTHI BBIpaXKaeTcs B cienyroieM Buae [4, 8]:

:_”(aW oW dedy, )

rae W(x, y) — IPOTHOBI TUTUTHL, D — e¢ IWINHIPU-

yecKas JKEeCTKOCTb.

Ecnu HekoTOpBIe TpaHu IIIKUTHI HE OMHUPAIOTCS,
TO Ui SHeprudm nedopMmanuii HEOOXOAMMO WC-
TIOJIE30BATh MMOJTHOE BEIPAKCHUE

D ”(52W aZWJ2
D=— | -
2 9o\ ox oy
2 (©)
owow (o'W
_2(1_V) —— dxdy,
ox” 0Oy Oxoy

v — ko3 Punuent I[lyaccona marepuana IIUTHI.

PaccMoTpuM NpsIMOYTONIBHYIO IUINTY, ABE Ipa-
HU KOTOpPOH 3allleMJICHBI, JBE IIAPHHUPHO OINEPTHI
(puc. 1). Ilnmra 3arpyxeHa paBHOMEPHO pac-
npenenacHHoW Harpyskoil. [IpuHumaemM nporuOsr
B BHJEC CYMMBI TPOM3BEACHWH MABYX (DYHKIIHIA
u3 Tabn. 1 mms Ganku ¢ 3ameMIIEHHBIM U IIapHUp-
HO ONEPTHIMU KOHLIAMHU:

w=334,0, (xm ijn (un Z], )
m=1 n=1 ’ a b

d‘U a‘'v
— -0, =0, —2 -, =0.
dx* dy

Ucnonw3ys (5), HaXoIuM TMONHYIO MOTEHIIH-
AIBHYIO SHEPTHIO TUTUTHI U ACUCTBYIOLIEH Ha Hee
HArpy3Kd Kak KBaJIpaTUYHYI0 (YHKIUIO KOdPQu-

122

IIUEHTOB 4,,,. CUCTeMa JTMHEWHBIX aNreOpandecKux
ypaBHEHUHN sl omnpeAeneHus A,, NOoIydaercs
nuddepeHIUPOBaHUEM MOTHONH SHEPTHU M0 KaX-
noMy 3 K03 UIIUEHTOB A,,, ¥ TPUPaBHUBAHHEM
IMMOJIY4YCHHOT'O BBIPAXKCHUA HYJIIO.

y
b

- ; X

0 a

Puc. 1. TIpssmoyrosibHas IUIMTA MO JeiCTBUEM
PaBHOMEPHO pacIpeieIeHHON Harpy3Ku

Fig. 1. Rectangular plate under
uniformly distributed load

Jnsg mmuatel ¢ a =6 m; b =4 m; D =21000 xHwm;
g = 10 kH/™M* crocobom ycedenns [9] ¢ yderom
MIePBBIX YETHIPEX WICHOB psiaa (7) MoIydeHO:

0,41439¢ 0,01989¢
0,02367q 0,00277¢

Ha puc. 2 mpuBeneHa nmoBepxXHOCTh MIPOrHOOB
paccMaTpuBaeMoi TUIUTHI (M).

Tenepp paccMOTpPUM MPSIMOYTOJIBHYIO ILIUTY,
OJHa TpaHb KOTOPOH JKECTKO 3alleMJIeHa, Apyras
LUIAPHUPHO OIEpTa, OCTAJIbHBbIE HE ONUPAIOTCS.
Ha nnuty nelictByer yrioBas COCpEeIOTOYEHHas
cuwna (puc. 3). llpeactaBuM TPOTHOBI IUIUTHI
B Buue (7), roe Oajmounsie (PyHKIIMHM BBIOEpEM W3
Tabn. 1 111 KOHCOJBHON Oanku M OajKku C map-
HUPHOU omopoil. I INIUTHI C XapaKTEpPUCTUKAMU
npeabiaymero npumepa u P = 40 kH ¢ yuerom
MIEPBBIX YETHIPEX 4WICHOB pAna (7) mocie mpome-
YKYTOUHBIX BBIYUCIECHHUH MTOJIy4YEHO:

4,=2,12410-10"P; 4, =-3,13033-10"P;
4, ==1,07439-10°P;  4,,=2,97864-10""P.

Ha puc. 4 mpuBeneHa NOBEPXHOCTH IMPOTHOOB
Tkl [1o QyHKIMSAM IPOrrOoB Mo U3BECTHBIM (HOp-
MyJIaM HaXOJATCS BHyTPSHHHUE YCHIIHS B TUTUTE [3].

OTMeTHM, 9TO B 3TOM IpUMEpe Ha HEOTEPTHIX
KpasX TUINThI HETOYHO BBIMOJIHSIOTCS CTATHYECKUC
TpaHUYHBIC YCIOBHS IS Kaxoro wieHa psna (7).
Onnako wu3BecTHO [8], YTO MpHU HCHOIB30BAHUU
MeToJla PUTIIa OHM BBHIMONHSIOTCS MPH B3STHH J0-
CTaTO4HO OOJIBIIOTO YKcia WieHoB pszaa (7).
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0
Puc. 2. TToBepXHOCTH IPOrNOOB ILTHTHI
Fig. 2. Surface of slab deflections

b N

£
/]

0 a
Puc. 3. IlpsimoyronpHas IUINTA, 3arpy>KeHHAask YIJIOBOH CHIION
Fig. 3. Rectangular plate loaded with angular force

X

0,00020
0.

-0,0002, -
~0,0006
0

Puc. 4. TloBepxHOCTb IPOruOOB B MPSIMOYTOJIBHON TIIUTE
C IBYyMsI OTIOPHBIMH KpasiMu

Fig. 4. Surface of deflections in a rectangular plate
with two supported edges

BbBIBO/IbI

1. K HacTosmemMy BpeMeHH M3BECTHBI TOYHBIE
pewenus: HaBbe u JleBu 11 cTaTudeckoro pacue-
Ta W3rubaeMbIX IUIMT B (opMe TPUTOHOMETPH-
YECKMX M THUIepO0JO-TPUTOHOMETPUYECKUX Psi-
JnoB [7] ond IIapHUPHO ONEPTOM IO YEThIpEM
rpaHsM Y IIAPHUPHO ONEPTOH IO JBYM IPOTHBO-
MOJIOKHBIM TPaHAM M Pa3INdHO ONEPTON MO ABYM
octanbHBIM. B MoHOTpaduu [10] uznoxen mouxoxn
B. HoBaukoro, B KOTOpOM 3aza4a pacyeTa npsiMo-
YTOJNBHON TUTUTHI C Pa3IMYHBIMH OTEPTHIMH Tpa-
HSMH CIIOKHBIM 00pa3oM CBOAMTCS K OCCKOHEUHOM
cucTeMe JMHEHHBIX anreOpandecKiux ypaBHEHHH.

2. Ilpemmaraemoe B paboTe pemieHue yHHUBEP-
calipHOe, Tpolle U ObICTpee MO3BOJSIET MOIYyYUThH
OpOTUObI TPSMOYTOIBHOM TUTUTHI ¢ JIOOBIMU Tpa-
HUYHBIMH yCJIOBUSMH.

[ Hayka
wrexHuka. T. 24, Ne 2 (2025)

10.

—

10.

. Faddeeva V. N.

JIUTEPATYPA

. Tumomenko, C. Il. Konebanus B uHXeHEpHOM jene /

C. II. Tumomenko. M.: ®uszmarrus, 1959. 439 c.

. ®agneesa, B. H. O ¢ynnaMeHTaIbHBIX QYyHKIUIX Olepa-

topa X" / B. H. ®anneesa // Tpyasl MareMaTuueckoro
uncruryta AH CCCP. 1949. T. 28. C. 157-159.

. Copoxkum, E. C. JluHaMuka MeXIy3TaKHBIX ITePEeKPHITHH /

E. C. Copokun. M.—JI.: Crpoituznar, Hapkomctpoii, 1941.
240 c.

. babakos, . M. Teopus xonebauuii / 1. M. babakos. M.:

Hayxka, 1965. 559 c.

. l'anepkun, b. I'. Yopyrue tonkue mutel / b. I'. ['anepkun.

M.: T'ocerpoitmznar, 1933. 371 c.

. Wu, J. H. Exact Solutions for Free-Vibration Analysis of

Rectangular Plates Using Bessel Functions / Jiu Hui Wu,
A. Q. Liu, H. L. Chen // Journal of Applied Mechanics.
2007. Vol. 74. P. 1247-1251. https://doi.org/10.1115/1.
2744043.

. AnekcanzpoB, A. B. OcHOBBI Teopuu ympyroctd u Ijia-

ctuanoct / A. B. Anekcangpos, B. JI. IToramos. M.:
Beicmr. mk., 1990. 400 c.

. Muxmun, C. I'. IpsiMble MeTozpl B MateMaTudecko ¢usu-

ke / C. T'. Muxmma. M.—JL.: Tocrexteopuzzar, 1950. 429 c.

. Kantoposuu, JI. B. IlpuGmuwxeHHblE METOIB! BBICLIETO

ananmza / JI. B. Kanuroposuu, B. U. KpsutoB. M.—JI.:
®dusmarrus, 1962. 701 c.

Konukosckuit, 3. [luter: cratuueckue pacyerst / 3. Konu-
koBckuit. M.: Crpoiiuznar, 1980. 480 c.

[Hocrynuna 04.11.2024
IToamucana B neyats 21.01.2025
Onyo0mumkoBana omnaiin 31.03.2025

REFERENCES

. Timoshenko S. P. (1959) Oscillations in Engineering.

Moscow, Fizmatgiz Publ. 439 (in Russian).

1949) On the fundamental functions
of the operator X'. Proceedings of the Mathematical In-
stitute of the USSR Academy of Sciences, 28, 157-159
(in Russian).

.Sorokin E. S. (1941) Dynamics of Interfloor Ceilings.

Moscow-Leningrad, Publishing Houses
“Narkomstroy”. 240 (in Russian).

“Stroyizdat”,

. Babakov 1. M. (1965) Theory of Oscillations. Moscow,

Nauka Publ. 559 p.

. Galerkin B. G. (1933) Elastic Thin Plates. Moscow, Gos-

stroyizdat Publ. 371 (in Russian).

.Wu J. H, Liu A. Q., Chen H. L. (2005) Exact Solutions

for Free-Vibration Analysis of Rectangular Plates Using
Bessel Functions. Journal of Applied Mechanics, 74 (6),
1247-1251. https://doi.org/10.1115/1.2744043.

. Aleksandrov A. V., Potapov V. D. (1990) Fundamentals

of the Theory of Elasticity and Plasticity. Moscow, Vys-
shaya Shkola Publ. 400 (in Russian).

. Mikhlin S. G. (1950) Direct Methods in Mathematical

Physics. Moscow-Leningrad, Gostekhteorizdat Publ. 429
(in Russian).

. Kantorovich L. V., Krylov V. L. (1962) Approximate Me-

thods of Higher Analysis. Moscow-Leningrad, Fizmatgiz
Publ. 701 (in Russian).

Konchkovsky Z. (1980) Plates. Static Calculations. Mos-
cow, Stroyizdat Publ. 480 (in Russian).

Received: 04.11.2024
Accepted: 21.01.2025
Published online: 31.03.2025

123

Science and Technique. V. 24, No 2 (2025





