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Pedepar. B crartbe paccMOTpPEHBI KOHTAKTHBIC 3a[a4 IS IITAMIIA, PACIIOIOKEHHOTO Ha TOPLE YHPYTrod MOJIyHOJIOCH! 0e3
TPEHUs O ACHCTBUEM COCPEIOTOYCHHON CHIIBL. [IpakTHYecKUM aHaIo0roM 3TOH 3a/1auu SABJISETCS 30HA ONUPAHHs OaJIKu MU
(epMBI Ha OTOJIOBOK KOJIOHHBI IIPSIMOYTOJBHOTO CEUCHUs, TaK KaK OIOPHBIEC YacTH OAlOK MM KOJIOHH 00JagaioT GONbIIoNn
M3rUOHOIT XKeCTKOCThI0. PacueT BeImoHsieTcs B iBa 9Tana. Ha nmepBoM BapralnoHHO-Pa3HOCTHBIM METOJIOM PEIIaeTCs 3a1a4a
0 JEWCTBUU NMPOU3BOJIBHO MPHUIOKEHHON COCPEAOTOYEHHOM CHIIBI HA TOpPELl yIpyroil moiymnosiochl. Pemienue 3Toi 3amauu
MI03BOJISIET COCTABUTh KBAJAPATHYIO MATPUIly BEPTHKAIBHBIX IIEPEMEIICHUN TOUCK TOpLA MOIYIONOCH OT ACHCTBUS €IUHUY-
Hoii cuiibl. Ha BropoM stane cnoco6oM JXKemMoukHHa peraerTcsi KOHTAKTHAs 331a4a JUIsl LITaMIIa, IPOU3BOJIBHO PACIIONIOKEH-
HOT'O Ha Tople ynpyroi mosynonocsl. Kosah¢uunueHTsl KaHOHH4eCKUX ypaBHEHUH MeToma cuil B crocobe JKemouknHa Ha-
XOJATCSA Ha OCHOBAHUU IIOJIyYEHHOW paHee MATPULbl BEPTUKAIbHBIX MEPEMELICHUI TOYEK TOpLa YNPYroil MOJyNoJOCHL
PaccMoTpeHB! TpH 3a1a4M sl LITAMITOB, PACIIONIOKEHHBIX Ha TOpIE ynpyroi noixynonocsl. [IpuBoasres rpaduky pacnpene-
JIEHHUs] KOHTAKTHBIX HAMPSDKEHUH, 3MI0pa U3rH0aroIMX MOMEHTOB U ONPEENsIeTCs TO0KEHHE CUITBI, BBI3BIBAIOIIEH MOCTyTa-
TENbHOE MEepEeMEIICHNEe INTaMIa, HAaXOJIMIETOCs Ha Kparo MOIymoiochl. OTMedaeTcs momoOHe MONydYeHHBIX Pe3yIbTaToB
U pe3yJbTaToB s MITAMIIA, PACTIONIOKEHHOTO Ha YIPYTOi MOIYIIIOCKOCTH.
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Contact Problem for the End of Elastic Half-Strip

S. V. Bosakov"
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Abstract. The paper considers contact problems for a stamp located at the end of an elastic half-strip without friction under
the action of a concentrated force. A practical analogue of this problem is the support zone of a beam or truss on the head of
a rectangular column, since the supporting parts of beams or columns have high bending rigidity. The calculation is performed
in two stages. At the first stage, the variational-difference method solves the problem of the action of an arbitrarily applied
concentrated force on the end of an elastic half-strip. The solution of this problem makes it possible to compose a square ma-
trix of vertical displacements of the points of the end of the half-strip from the action of a single force. At the second stage,
the Zhemochkin method solves the contact problem for a stamp arbitrarily located at the end of the elastic half-strip. The coef-
ficients of the canonical equations of the forces method in the Zhemochkin method are based on the previously obtained
matrix of vertical displacements of the end points of the elastic half-strip. Three problems for stamps located at the end
of an elastic half-strip are considered in the paper. Graphs of the distribution of contact stresses, a plot of bending moments
are given and the position of the force causing the translational movement of the stamp located on the edge of the half-strip
is determined. The similarity of the obtained is noted with the results for a stamp located on an elastic half-plane.
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BBenenune

Mogens ynpyroro oCHoBaHUS B BUJE yIPYroi
TOJIOCHI SIBIIIETCS OJHOM M3 MojieNield TPYHTOBOTO
OCHOBaHMS, 3aKpPEIUIEHHBIX B OTEYECTBEHHBIX
HOPMATHBHBIX JOKyMeHTax. MeToasl pacdera Oa-
JOYHBIX IUIAT HAa YOPYTo# Ioyioce B pa3HOE Bpe-
Mms pazpabatsiBau O. . Llextep, K. E. Eropos,
Ha KOTOPBIX cchuiatoTcs ['opoynoB-Ilocamor [1],
I'. 5. Ionos [2], . 1. BopoHOBHY ¢ coaBTOpaMu
u apyrue [3—5]. KoHrakTHBIe 3amauu Ui yIpy-
rol TOJYIIOJIOCH! MCCIIEeOBaHbl TOpa3/l0o MEHBIIIE.
Opnako ympyras MOJynojoca SBISeTCs OJHOW M3
PACUCTHBIX Moz[eneﬁ KOJIOHHBI, HIMPOKO IMPUMECHS-
€MOH B COBPEMEHHOM CTPOMTENBCTBE, U COBEp-
HICHCTBOBaHHE METOJIOB €€ pacuera — HeoOXOIu-
Masi MH)KEHEepHas 3aj1a4a.

B cratee ¢ ucnonp3oBaHWEM BapHAIIMOHHO-
Pa3HOCTHOTO METOJa MOCTPOSHa MaTpHlla BEepTHU-
KaJbHBIX TIEPEMENICHNH TOYeK TOPIIa TOIYITOIOCH
OT COCpPEJOTOUYCHHOU cuiabl. Ha OCHOBaHUU 3THX
nepeMenieHuii crocooom XKemoukuna [6] 6e3 yue-
Ta TPEHUS B KOHTAKTHOW 30HE PelIeHbI 3a7a9u JJIs
mTaMIia pa3HbIX pasMEpPoOB, NIPHKUMAEMOTO K TOP-
1y nonymnoiockl. [IpoBeneHO comocTaBieHHUE IO-
JyYeHHBIX MMOKa3aTeNell C paHee OMyOIMKOBaHHBI-
MM pe3yIbTaTaMH IPYTUX aBTOPOB.

OcHOBHAAI YaCTh

PaccMoTpuM ympyryro MoJyIoJjocy, Ha TOpPeL
KOTOPOH NIEHCTBYET BEPTUKAIbHAS COCPEAOTOUCH-
Has cuna (puc. 1). PazoObeM momyrmonocy mpsiMo-
YTOJIBHON CETKOM € nX y3JaMH 10 TOPU3OHTAIN U
7y y37aMH 0 BepTHKaH (puc. 2).

Hcnonb3ysi KOHEUHBIE Pa3HOCTH, BBIPA3HUM JIH-
HEWHBIC U YIIIOBYIO AedopMalvy B IEHTPE KaXKIO0-
r'0 MPSIMOYTOJIbHUKA Yepe3 Y3JIOBbIC MepeMeIleHHs
BEpILIUH NpsiMoyTonbHUKa 1o MeToauke O. B. Ko-
3yHoBOM [7]. CocraBuM (yHKIIMOHAT TIOJTHOM
SHepru [8] MONYIONOCH U EHCTBYIONIEH Ha Hee
CHJIBI B TOUKE m coriacHo Gopmye (1).
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Puc. 1. Ynpyras nomaynosnoca, Ha Topel KOTOpoit
JEeHCTBYET COCPEJOTOUEHHAs CHIa

Fig. 1. Elastic half-strip, on the end
of which concentrated force acts
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Puc. 2. IlpunsTas npsMOYyTONbHAs CEeTKa
Ha TIoymosnoce ¢ nx =27

Fig. 2. Adopted rectangular grid
on the half-strip with nx =27
[pomuddepentmpyem (GyHKIHOHAT MO KaxkK-
JIOMy M3 Y3JIOBBIX nepemenieHui. [lomyyaem cu-
CTeMy JIMHEWHBIX alreOpanyecKuX YpaBHECHUH,
pelIeHueM KOTOPOU SBIISIOTCS Y3JIOBHIE MepeMe-
LIEHUS OPSIMOYTOJIBHOM CETKHU:
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rae U, V — y31moBble iepeMeleHust o OCAM X U ).
Takum o0pazoMm, copMupoBaHa MaTpHIla Bep-
TUKQJIBHBIX TEPEMEIeHNI TOYeK TOpLa ITOIYIO0-
cBI (puc. 2), KoTopas mpuBeaeHa B Ta0. 1 I TOYek
2,4,6,...,26 mpunx=27uv=0,167 npu H=5I.
Ha ocHoBanum jgaHHBIX Taba. 1 MOXHO CIIOCO-
oom JKemoukuHa pemiaTh KOHTAKTHBIC 3aJa4d
JUIs 0aJIOK pa3IMYHOM JJIMHBI, JICXKAIIUX HA TOPILIC
MOJYMNOJIOCKl W HaXOJAIIUXCA TMOJ JAEUCTBUEM
MIPOU3BOJIBHON BEPTUKAILHOUN HArpy3KH (puc. 2).

Hayka
urexHuka. T. 22, Ne 2 (2023)



Civil and Industrial Engineering

Tabruya 1
MaTtpuna BepTHKAIBHBIX epeMelleHHil TOYeK TOPLA MOJIYNO0JI0ChI 0T COCPEX0TOYeHHOI cuiIbl P
B 10Jsx ot P/E mpu H =5l
Matrix of vertical displacements of points of half-strip end from concentrated force P
in shares of P/E at H = 5|
153976 95421 7.0382 53372 4.0149 29124 19439 10567 02151 -0.6069 -14301 -2.2714 -—3.1395
9.5421 11.2104 7.0332 52385 3.9645 29426 2.0686 1.2846 0.5535 —0.1503 -—0.8466 —1.5506 —2.2714
7.0382 7.0332 9388  5.6256 4.1285 3.0866 2.2553 1545 0.9062 03082 —0.2707 -—0.8466 —1.4301
53372 52385 56256 82658 47311 34249 25488 1.8662 1.2926 07827 03082 —0.1503 -0.6069
40149 39645 41285 47311 7.5569 41865 3.0293 22915 17399 1.2926 09062 05535  0.2151
29124 29426 3.0866 34249 41865 7.1592 3.9267 29013 22915 1.8662  1.545 12846  1.0567
19439 20686 22553 25488 3.0293 39267 7.0306 3.9267 3.0293 25488 22553 20686  1.9439
1.0567 12846  1.545  1.8662 2.2915 29013 3.9267 7.1592 41865 34249 3.0866 29426 29124
0.2151 05535 09062 1.2926 1.7399 22915 3.0293 4.1865 7.5569 47311 41285 39645  4.0149
—0.6069 —0.1503 03082 07827 1.2926 1.8662 2.5488 3.4249 47311 82658 56256 52385 53372
—14301 —0.8466 —0.2707 03082 0.9062 1545 2.2553 3.0866 4.1285 56256  9.388  7.0332  7.0382
—2.2714 —1.5506 —0.8466 —0.1503 0.5535 1.2846 2.0686 29426 3.9645 52385 7.0332 112104 9.5421
—3.1395 —2.2714 -1.4301 -06069 0.2151 1.0567 1.9439 29124 4.0149 53372 7.0382 95421 153976
Jna mwramna umHoi 2| mon geiicTBueM cHM- HalpsOKEHUsT W BHYTPEHHUE YCUIIHMSA B IITaMIIE.

METPUIHO TPUIOKEHHOHN CHIIBI TOTyYaeTCs YHCTO
COTIPOMATOBCKOE pEeIIeHUE, YTO OTMEUEHO B [9].

Cucrema pa3pemaronux ypaBHEHHU crocoba
JKemouknHa U1 pacdera CUMMETPHUYHO PACITOIIO-
JKEHHOTO M HArpYy>KEHHOro InTamma jamuHoi 18/131
Ha TOPIIE TIOIYTIOIOCH (PUC. 2) UMEET BH/I;

Oy Xy 4.+ g Xg +Uy =0;

()

891X { +.. 489X +Uy=0;
~X; —.m Xg +R =0,

rae Ojx — B3aUMHOE MEpPEeMEICHUE KOHIIOB pa3pe-
3aHHOUW CBSI3M | MEXIY IITAMIIOM M TOPLIOM MOJY-
IOJIOCKI OT IercTBUS X 1, ompexenseTcs Mo
tabmn. 1; X; — ycunue B cBsizu JKeMOYKMHA C HOME-
poM i; Uy — BEpTHUKAJIbHOE MEpEMEIICHHE BBEICH-
HOTO 3alllEMJICHHUS Ha IITaMIle¢ B OCHOBHOW CHUCTE-
M€ CMENIaHHOTO METO/a CTPOUTEIbHON MEXaHHUKH;
R — paBHOjCHCTBYIOIIAss BHEIIHUX CHJ, JCUCTBY-
FOINX Ha IITaMIL.

[Toce pemreHus cuctemsl (2) MO yCWIHSM B
CB3sIX JKeMOukWHa ONpememnsioTcs KOHTAKTHBIE

Ha puc. 3 npuBeneHbl >MI0pbl KOHTAaKTHBIX Ha-
NPSOKEHUH W W3rHOaroIUX MOMEHTOB JUIS CHM-
METPUYHO PACIIOIOKEHHOTO W HArpy>XeHHOTO
wramna jummHon 18/131.

OTMeTHM, YTO MpHUBEACHHBIE Ha puc. 3 rpadu-
KM TIOYTH COBIANAIOT C IMOJOOHBIMH TpaduKaMu
JUTS YIIPYTOH momyTiockoctH [1].

PemmM 3amady o mitamme, pacriollOXKEHHOM Ha
Kpato Topua nonynonocsl. [lonoOHas 3anaya Bo3HHU-
KaeT MpH OJHOCTOPOHHEM OIHpaHUH OallK¥ WITH
(hepMBI Ha KOJIOHHY, TaK KaK OIOPHBIE YacTH OallKu
i (GepMbl 00NIANAOT 3HAYUTENBHON W3THOHOM
XKecTKocThio. Ha puc. 4 mokasan rpaduk pacrpeze-
JIeHWsT KOHTAKTHBIX HAMPSHKEHUH O]l IITaMIIOM
JmrHOU 5/131 mpu ero mocTynaTenbHOM BEPTHKANb-
HOM TiepeMelieHnH. PacctosHue oT kpas mTamna a0
TOYKH TIPHJIOKEHUS CHJIBI, BBI3BIBAIOIIECH IMOCTYyIa-
TeIBHOE TIepeMeleHne mramia, cocrapiser 0,236l
(puc. 5). Ilpu comocTaBieHHH YUCIICHHBIX PE3YJib-
TaTOB 3TOrO NpPHMeEpa ¢ TEOPETHUECKUMH JAaHHBIMHU
IUIsL YIPYTOM YeTBEPTHIIONYIIOCKOCTH, OITyOJINKO-
BaHHBIMH B [3, 10], Habmomaercs KavdeCTBEHHOE
Y KOJIMYECTBEHHOE TTOI00HE.

b

-0,20

Puc. 3. PactipesiesieHre KOHTAKTHBIX HanpspKeHHit (2) U u3rudaronmx Momentos (D) B mramne mmuHoi 18/13l,
PACIIOI0KEHHOM Ha TOPLE HOJIYIIOI0CH

Fig. 3. Distribution of contact stresses (a) and bending moments (b) in a stamp 18/13I long,
located at the end of the half-strip
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Puc. 4. Pactipenienenue KOHTaKTHBIX HAIIPSDKEHUM
O[] IITaMIIOM JUTHHOH 5/13/, pacnonosxeHHbIM
Ha KPalo TOPIIa MOITyIOIOCH

Fig. 4. Contact stress distribution under
a stamp 5/13/ long, located at the end of the half-strip

0,236/ I R

Sl " T——

Puc. 5. Tlonoxxenue mrammna maHou 5/131,
PAaCIIOJIOKEHHOTO Ha KPAKO TOPIA TOJIYIIOIOCH!

Fig. 5. Stamp position 5/13/ long,
located on the edge of the end of the half-strip

BBIBOJ]

Marpuua, npuBeaeHHas B Tabu. 1, mo3ponser
pemars pa3HooOpa3Hble KOHTAKTHBIE 33Ja4ydl s
0amoKk pa3nMYHOW HM3TMOHOW JKECTKOCTH, pacro-
JIOKCHHBIX Ha TOPUE MOJIYIIOJIOCHEI U HAXOAAIIUXCA
IO/ I€HCTBUEM NPOU3BOJIBLHON BHEIIHEN HArpy3Ku
¢ ucnoab3oBaHueM crocoba XKemouknHa. [IpuBe-
JIEHBl pe3yJbTaThl pacdeTra TpexX MPHUMEPOB, IMOJ-
TBEp)KIAIOIINE 3TO IMoJIokeHue. Mcnoms3ys 3aBu-
CUMOCTh «MOMEHT — KpUBH3HA» [7], TaKkKe MOXKHO
BBITIOJTHATH HEIMHEHHBIA pacueT Oaiku, pacroio-
JKEHHOH Ha TOPIIE TOITYTOIOCHI.
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