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PedepaTt. MHOrHe BakHbIe BOIIPOCHI TEOPUH YIPYTOCTH MPUBOJAT K BAPHALIMOHHOM 3a/1aue, CBsI3aHHON ¢ OUrapMOHHYECKHM
YPaBHEHHUEM, U K COOTBETCTBYIOIIMM KPAEBBIM 3a/lauaM JJIsl TAKOTO ypaBHEHHA. B craTbe paccMaTpuBaeTcsi OCHOBHAs Kpae-
Bas 3aj1a4a U1 OMrapMOHHYECKOTO YPaBHEHMS B €IMHHYHOM Kpyre. K 3Toii 3asaue mpuBOIUT, HampuMep, UCCIENOBAHHUE
HpOFHGOB IJIACTUHBI B Cl1ydya€e KMHEMATUYECKUX I'PAHUYHBIX yCJ'IOBHﬁ, Korjaa nepeMenieHus U uxX nNponu3BOAHBIC 3aBUCAT OT
KpYyroBoil koopauHatThl. TouHOE pelleHne paccMaTpuBaeMOi KpaeBOoM 3amaun u3BecTHO. Vickomas GurapmoHuueckas QyHK-
M MOXKET OBITh MpeACTaBieHa B €AMHMYHOM Kpyre B sSIBHOM BHJIE MOCpeacTBOM mHTerpana [lyaccona. IlpuGmimkeHHoe
pelieHre DaHHOW 3aJa4y HaXOIMTCS MHOTJA C IIOMOIIBI0 Pa3HOCTHBIX cxeM. J[iis 9Toro Ha Kpyr HaOpachIBaeTcsi ceTka C
ssyeiikaMud  Majioro JUaMEeTpa U B KaXXIOM Y3JIE CCTKHM BCE€ 4YaCTHBIC IPOM3BOAHBLIC 3aJa4d 3aMCHAIOTCA HX KOHEYHO-
Pa3sHOCTHBIMU OTHOLICHUSAMM. B PEIYIbTATE BO3HUKACT CUCTEMA JIMHEMHBIX anre6pa1/1qecxux ypaBHeHm‘/i OTHOCHUTCJIBHO HC-
M3BECTHBIX MPHOJIDKEHHBIX 3HAUCHUI OMrapMOHMYECKOil (YyHKINH, U3 KOTOPOH OHM OJHO3HA4YHO HaxonsTcs. Hemocrarkom
TAaKOro METOJa SBJIETCA TO, YTO yKa3aHHas BBIIIE CUCTEMA HE BCErAa MpocTo pemaercs. Kpome Toro, Mel noaydaeM perie-
HHUE He B JII0OOH TOUYKE KPyra, a TOJIBKO B y3/aX CeTKH. I peaabHBIX BBIYHCICHHH U YHCICHHOTO aHAIW3a PEIIeHUH IpH-
KIAJHBIX 3a[a4 aBTOpPaMH Ha OCHOBE M3BECTHOI'O TOYHOIO PELICHH KPacBOil 3a1aui CKOHCTPYHPOBAHO €ro eIUHOE aHAIUTU-
yeckoe MpUONIKEHHOe TpeCTaBlIeHHe ¢ IMoMombo Jorapudmos. [IpubmmkenHas ¢GopMyna uMeeT IPOCTOH BHA H JIETKO
peanusyeTcsa 4MCICHHO. PaBHOMEpHBIE OLICHKU IOIPEIIHOCTH MO3BOJIIIOT IPOBOAUTH BBIUUCICHHUS C 33JaHHOH TOYHOCTBIO.
Bee xoaddumnmentst kBagpatypHoOit (opMynsl i nHTerpana [TyaccoHa HeOTpHIATENbHBI, YTO 3HAYHTENBHO YIPOIIAET
HCCIIeIOBaHUE MPUOIIDKEHHOTO perieHus. [IpoBeneH aHann3 KBaapaTypHOH CyMMBI Ha yCTOWYMBOCTh. PaccMoTpen mpumep
pelIeHus: KpaeBoi 3a1a4u.
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About One Variational Problem, Leading to a Biharmonic Equation,
and about the Approximate Solution of the Main Boundary Value Problem
for this Equation

I. N. Meleshko?, P. G. Lasy”

YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. Many important questions in the theory of elasticity lead to a variational problem associated with a biharmonic
equation and to the corresponding boundary value problems for such an equation. The paper considers the main boundary
value problem for the biharmonic equation in the unit circle. This problem leads, for example, to the study of plate deflections
in the case of kinematic boundary conditions, when the displacements and their derivatives depend on the circular coordinate.
The exact solution of the considered boundary value problem is known. The desired biharmonic function can be represented
explicitly in the unit circle by means of the Poisson integral. An approximate solution of this problem is sometimes found
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using difference schemes. To do this, a grid with cells of small diameter is thrown onto the circle, and at each grid node
all partial derivatives of the problem are replaced by their finite-difference relations. As a result, a system of linear algebraic
equations arises for unknown approximate values of the biharmonic function, from which they are uniquely found. The disad-
vantage of this method is that the above system is not always easy to solve. In addition, we get the solution not at any point
of the circle, but only at the nodes of the grid. For real calculations and numerical analysis of solutions to applied problems,
the authors have constructed its unified analytical approximate representation on the basis of the known exact solution of the
boundary value problem while using logarithms. The approximate formula has a simple form and can be easily implemented
numerically. Uniform error estimates make it possible to perform calculations with a given accuracy. All coefficients of the quadra-
ture formula for the Poisson integral are non-negative, which greatly simplifies the study of the approximate solution. An analysis
of the quadrature sum for stability is carried out. An example of solving a boundary value problem is considered.

Keywords: variational problem, boundary value problem, Poisson integral, quadrature formula, solution approximation
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Brenenue u(r,@)=Q(f,, r, )+
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Hecmosxuo nmpoBeputs, uto Gyrkimu Q(fy, r, ¢)

ypaBHEHME
A2U—f =0 u Q(fo, I, ®) sABIAIOTCA TApMOHUYECKUMU B €IH-
- HUYHOM Kpyre. [lanee 3aliMeMcsi NOCTpOEHHEM
rne A2 = 8X4 + 28X2y2 + 8y4. MPHUOIVKEHHOTO PEIICHUS.
JluneitHoe OIHOPOIHOE YpaBHEHUE B YACTHBIX 1. Annpoxcumanus uarerpaia Ilyaccona (5)
MPOU3BOIHBIX YETBEPTOTO MOPAIKA
Bospmem Ha mpomexyTke [-7, T] CeTKy c y3-
u=0, JIaMH B TOYKAX
—_— 2
paccMaTpuBacMoe B o6Jv1acm D, mnaspBaercs o, =kh, k=—nn, h= i )
OurapmoHudeckuM B 3TOH obnactu. K kpaeBbM on+1
3ala4aM IJIsd TaKOro ypaBHCHHUS IIPUBOJSAT MHOTHC U anmpoKCHUMHUPYEM IUIOTHOCTh MHTerpana Ilyac-
BOIPOCHI TeOpuHM ynpyroctu [2-6]. coHa (5) Ha ATOM MPOMEXKYTKE 10 (hopMyIIe
n
Octtonias wace L)~ X n@te)  ®
HccnenyeM OCHOBHYIO KpaeByIO 3amady Jist
OUTrapMOHHUYECKOTO YPaBHEHUS B MOJIIPHBIX KOOP- 1€ |:(Pk 05 (Pk+05:|
JIUHATAX B CAUHUIHOM KPYTe: e m, ((p) = ' 05 =0, —0,5h;
AU=0,r<1L ) 0, ‘Ph§E |:(Pk—0,5’ (Pk+o,5]'
Pyi05 =P +0,5h.
u(l, (p) = fo ((P) 8ru(l, (P) - fl((p)’ ®e [—n, n]’ ) B urore mst naTerpana Ilyaccona (5) momyda-
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KpaeBas 3amaua (2), (3) umeer eIUHCTBCH- k=—n
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uHTerpana ITyaccona T ras 12T cos(t—@)+r
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IMpumeuyanue. IIpeanonoxum, 4yTo 3HAYECHUS
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a6l (9) BBIUHCIEHBI TPUOIMKEHHO, T. €. fi(Qy) =
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Ha €, YTO CBUJETEIbCTBYET O YUCJIEHHON yCTONYH-
Boctu (9). Haiinem Temephb oueHKy HOTpEIIHOCTH
anmpokcumariuu uHTerpana Ilyaccona mo mpu-
ommxeHHolt popmyie (9).

Teopema 2. [lycmv naomunocms f,(9) unme-
epana Ilyaccona wuenpepvigna na npomedxncym-
ke [—m, w]. Tocoa pasnomepno no r<l u

— TS QST BbINOJIHACMCA HEPABEHCMEO
Q(fi. 1 0)-Q(fi 1 9)| <o(fih), (14)

20e o( f,,h)—modyne nenpepeiernocmu gynryuu (o).

Ecmu oce f,(p) — nenpepwisno oughgpepenyupyemas

QYHKYUSL HA YKABAHHOM NPOMEJICYIMKE, MO MAK’Ce
DABHOMEDPHO UMEen MECIO HEPABEHCIBO
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Ecm xe f,(¢) venpepsiBHO muddepenimpyema
Ha YKa3aHHOM TPOMEXYTKE, TO, MPUMECHUB K ITOU
(GYHKIMM Ha KaXIOM U3 OTPE3KOB [(k-_o5, Pk+05],
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HpI/IHI/IMa}I BO BHMMAaHHUC, YTO:
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Cymmupysl paasl B TPaBOM 4YacTH, OKOHYA-
TETHHO TOTyJIaeM:

S (1, (p)ziReIn(l—ze"‘p)wkfo‘s, k=-n, n. (25)

T

Pr+0,5

4. AMpoxcuMANMs peleHnst
KpaeBoii 3agauu (2), (3)

Iloacrarnsas B opmyny (4) NpuOIMKEHHBIC
BEIpakeHHs st mHTerpanoB u3 (9), (19) u (24)
¢ xkodpdurmmentamu (11), (25), moxyanm npubIu-
JKEHHOE pelIeHne KpaeBoi 3anauu (2), (3):

n

u(r,p)~a(r,e)= > R (r. ¢) fo((pk)+0,5(l‘2 —1)><

! 1

[ SR 1) e
rsing - Zn: Sk(l’, (P) f(;((Pk)j'

1+2rcosop+r°

OIleHUM TIOTPEIIHOCTh TPHUOIMKEHHOTO pe-
HICHUSI.

Teopema 3. Eciu ¢pynkyua f,(9) nenpepwisna
Ha npomedxcymke [—m, ], a fy(¢) nenpepwisno

ougpepenyupyema Ha 2mom HpPoMedCymKe, Mo
onaecex r<lu—-m<op<n

|u(r, @)-u(r, (p)|£0,5(1—r2)x
x co( f, h)+(o( fo, h)+ r(o( fo, h),
20e 03( f,, h), 03( fo, h), 0)( fo, h) — MO0y He-

NPePLIBHOCIU COOMEEMCMBYIOWUX (DYHKYUIL.
Ecau oce T,(0) u fy() nenpepvisno ougpe-

(27)

penyupyemnvl Ha [— T, T, mo

|u(r, (p)—ﬂ(r, (p)| <

28
go,5(0,5(1—r2)Mf1+Mf0+er0,)h, (28)
Mf —(perpar.txn] fll((P)|; Mf0 ZQQ[E)’(TI] fo'((p)|;
M = max [f/(o)|.

ge[-m, n]

lloxazamenvcmeo. CpaBuuBas (popmynsl (4)
u (26), morydaeM HEPaBEHCTBO

|u (r. )—a(r, 9)|<0, 5( r?)x
(fl,r (p ( )‘+
‘Q o’r (P ( )‘ (29)
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+0,5(1-r%)ra,Q(f, 1, 9) - ZS ()=

=g (1, 9)+¢,(r, (p)+s3(r, (p).

U3 nepasencts (14), (15) u (20) cnenyer, yTo:
— eciu pyakuun f (@) u f,(p) HempepbIBHEI
Ha MPOMEXYTKe [— T, ]

& (1, )<0,5(1-r%)o( f,, h);
sz(r,(p)S(o(fo,h);

—ecmu f(p) u fy(p) HenpepwBHO mudde-
PEHIIMPYEMBI Ha IPOMEXYTKE [— T, 7]

& (1, )<0,25(1-r* )M h;
g,(r, ¢)<0,5M h.

(30)

(31)

Cnaraemoe g,(r, @) 3amumieM B BHIE HHTeE-
rpajia 1 OIICHUM €ro

83(r,<p)so,5(1—r2)l

| rsin(t—o) |
><‘1—2r cos(t—@)+r? ‘dr

Si@ (1) F3(0)|

1-r?
X >dt<r max
1-2rcos(t—o)+r oel-m, 7]

1 I 1-r?
X_
2m 2 1-2rcos(t—¢)+r’

= f/(t)- /(7).
r max [16(x)- ()

Orcrona ciemyer, 94To:
— ecin ¢ynkmus f (p) HenpepsBHA Ha mpo-

MeXyTKe [— 7, 7]
83(r, (p)sr(o( fo, h); (32)

—ecmu fy(¢@) HenmpeprBHO muddepeHmpyema
Ha MPOMEXYTKE [— 7, 7]

gs(r, ) <0,5rM h. (33)

Hcnonp3oBaB B (29) COOTBETCTBYIONINE OIICH-
ku (30)—(33), monyunm HepaBeHcTBa (27), (28).
Omnenka morpemHocTu (28) MO3BONISIET HAXOIUTh
MPUOIIMKEHHOE peleHne kpaeBou 3agaun (2), (3)
C 3aJJaHHOM TOYHOCTHIO.

IIpumeuyanue. N3BecTHO, UTO AEHCTBUTENIbHAS
yacte wuHTerpana IllBapma ¢ ImIOTHOCTBIO P(T)
npezncrasisieT coboit unterpan Ilyaccona c Toi xe
IJIOTHOCTBIO
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Re— —dr=
e Qe
(34)
=in (1) 1-r’ dt
2n_np 1-2rcos(t—g)+r*
rne t=e"; z=re'; |z<L, -n<op<m

TouHble METOABl BBIUUCICHUS HHTETPAJIOB
[IBapma u I'musbepTa, w3noxeHHbIE B [7, 8], B He-
KOTOPBIX CJydasiX IO3BOJISIIOT IOJIy4aTh TOYHOE
perenne kpaeBoit 3amaqn (2), (3), He comeprKariee
HMHTETPaJIOB.

Mpumep. Ilycmov epanuynoe ycrosue (3) umeem
suo u(l, ¢)=c0s2022¢, o,u(L, ¢)=|o|, @e[-m x].
Hnmezpan Illeapya ¢ maxumu RIOMHOCMAMU HAXO-
oumcsi mouno [7, 8]

— j cos 20221—d 72022

J||t” 22 (2)-L (),

rae L? (z) — munorapudm Ditnepa [9, 10], onpenense-
MbIit B kpyre |Z| < 1 ciemyomum psaoM:
p— N Z
)=2 7
k=1
Torna, Bocrionb3oBaBick Gopmyioi (4) U y4nuThI-

Basg paBeHCTBO (34), MOJIYYNM TOYHOE pPEIIeHUE Kpae-
BOH 3a7auun

u(r, ¢)= 05(r —1)(2 2Re(Lz(z)—L2(—z))_

T

—2022r** cos 2022@] +1%% 005 2022¢.

BbIBO/IbI

1. TloctpoeHo »¢deKTHBHOE NPHOIMKEHHOE
NpeACTaBICHUE PELICHUsI OCHOBHOW KpaeBOMl 3a-
Jauu [uis OMrapMOHMYECKOTO ypaBHEHHUS B €lu-
HUYHOM Kpyre. Ammpoxcumupymoomas ¢dopmy-
na 3¢ dexTHBHA B TOM CMBICJIE, YTO OHA UMEET J0-
CTaTOYHO TPOCTYI0 aHAIUTHYECKYIO CTPYKTYDY,
YCTOWYMBA | JIETKO peajn3yeTcs YUCICHHO, a PaB-
HOMEPHBIC OLEHKH MOTPEITHOCTH TO3BOJISIOT MPO-
BOJIUTH BBIUMCIICHUS C 3apaHee 3aJaHHOM TOYHO-
cThi0. PaccMOTpeH mpumep KpaeBoil 3a1adyu MpHU
TaKUX TPAaHUYHBIX YCIOBHUSIX Ha OKPY)KHOCTH, KO-
TOpBIE NAIOT BOBMOKHOCTh HAHTH TOYHOE pPelICHHE
¢ TIOMOIIBIO autorapudmon Diinepa.

2. AnmpokcuMaIys petieHus: OCHOBHOM KpaeBoit
3a7a4il 11 OMrapMOHHWYECKOTO YpaBHEHUS B €IH-
HUYHOM Kpyre MOXKET OBbITh MCIOJIb30BaHa IPU pe-

Hayka
urexHuka. T. 21, Ne 3 (2022)

LIEHWH COOTBETCTBYIOIMX BapHALMOHHBIX 337ad,
NPUBOLILIMX K OMTAPMOHMYECKOMY YPaBHEHHIO.
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