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Pedepar. Panee aBTOpoM NOJy4EHO aHAIUTUYECKOE PELLIEHUE AJIs1 ONPEACIIEHUS] BEPTUKAJIBHBIX [IEPEMEIIECHUI IPAHU OJHO-
POAHOTO U30TPOMHOTIO YETBEPTHIPOCTPAHCTBA, HA KOTOPYIO JEHCTBYET BEPTHKAIbHAS COCPENOTOUYEHHAs CHUla. DTO BBIpaXke-
HHUE aBaJIO TOYHOE PCHICHUE Ul ONPEACTICHUST BEPTUKAIBHBIX l'lepeMeHJ,eHMl‘;l I'paHu Y€TBEPTHIIPOCTPAHCTBA U3 HECIKUMAC-
MOro MarepHana u npuonmkeHHoe — npu ko duimente [Tyaccona, oranunom ot 0,5. TTo3nHee B omyOIMKOBaHHOM CTaThe
C. B. Bocakosa u II. JI. Ckaueka «/leficTBre cocpenoToueHHO# criibl Ha 1/8 0HOPOIHOTO H30TPOMHOTO MPOCTPAHCTBAY ObI-
JIO IIOKa3aHo, 4To, KOM6I/IHI/Ipy$[ pemi€HuA AJid OonpeacCICHUA BEPTHUKAJIbHBIX nepeMemeHI/lﬁ YETBECPTHIPOCTPAHCTBA U MOJTY-
poOCTpaHCTBa OT )lel\/'ICTBI/IS[ COCPEAOTOYCHHBIX CUJI, MOXXHO HAWTH BECPTUKAJIBHBIC NEPEMELICHUA IJIA OJlHOﬁ BOCHMOI1 rpaHu
OJHOPOAHOI'0 U30TPOITHOT'O MPOCTPAHCTBA. HOJ’Iy‘{eHHbIe BBIPAXXCHUA MMO3BOJIAIOT PCIIaTh KOHTAKTHBIC 3a/la4y JJIs1 HEKJIACCH-
yecKux objacTeil B BUAE YETBEPTHIPOCTPAHCTBA M OJHOM BOCBMOI mpocTpaHCTBa. B HacTosIeil craThe aBTOp NPUBOAUT
HepBoe MPUOMIKEHHUE Ul OIpe/eIeHUs BepTUKAJIbHBIX MEPEeMELCHU I'paHu YeTBEPThIPOCTPAHCTBA OT ACHCTBUS BEPTHU-
KaJIbHOM COCPEOTOUEHHON CHJIbI, IIMPOKO MCHOJIB3Ys METOJ CHEeLUaIbHOM amllpoOKCUMAaLMY, pa3BUTHI B Tpyaax B. M. Anek-
CaHAPOBAa ¥ MO3BOJIOMIMI YCIEIIHO BBIYHCIATH HECOOCTBEHHBIE MHTErpaibl. I[locTpoeHHbIE TpaduKH MOKAa3bIBAIOT OIM3-
KH€ pe3yIbTaThl IPH ONPEAeNIeHHH nepeMeniennil ¢ ko3 unuentom Ilyaccona, ormmaaom ot 0,5 u pasaoMm 0,5. Crenyer
OTMETHTS, 4TO yKkazaHHEIH B ctathe C. B. bocakosa u I1. JI. Ckadeka moxo/; MOKET OBITh YCIIEITHO HCIOJIB30BaH MPH OTpe-
JIeJIEHUHU BCEX MepeMeIleHui rpaHeil 0JHOW BOCbMOI IpaHy OJTHOPOJHOTO M30TPOIHOTO MPOCTPAHCTBA OT AEHUCTBUS COCpe-
JOTOYEHHBIX CHJI, KacaTeNbHBIX K TPAHH YETBEPTHIPOCTPAHCTBA. DTO JACT BO3MOXKHOCTh PEIIaTh KOHTAKTHBIE 33/1aUH C yde-
TOM CHJI TPEHHS B KOHTAKTHOH 30HE OANKM WM ITACTHHKH.

KiroueBbie c10Ba: 4eTBepTHIPOCTPaHCTBO, Ko duuunent ITyaccona, pemenue byccunecka, nepemMeneHus, coCpejoTOYEH-
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To Clarify Decision on Action of Concentrated Force
to Elastic Quarter-Space for Arbitrary Poisson’s Ratio

S. V. Bosakov”
YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. Previously, the author obtained an analytical solution for determining the vertical displacements of the homogene-
ous isotropic quarter-space face, which is affected by a vertical concentrated force. This expression gave an exact solution for
determining the vertical displacements of a quarter-space face made of incompressible material and an approximate solution
for a Poisson ratio different from 0.5. Later, in the published paper by S. V. Bosakov and P. D. Skachek “Action
of Concentrated Force on 1/8 of Homogeneous Isotropic Space”, it was shown that by combining solutions for determining
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the vertical displacements of a quarter-space and a half-space from the action of concentrated forces, one can find vertical
displacements for one-eighth face of a homogeneous isotropic space. The resulting expressions allow solving contact prob-
lems for non-classical domains in the form of a quarter of a space and one eighth of a space. Below, the author obtains the first
approximation for displacements of a quarter-space face from the action of a vertical concentrated force. In this paper,
the author gives the first approximation for determining the vertical displacements of a quarter-space face from the action of
a vertical concentrated force, widely using the special approximation method developed in the works of V. M. Alexandrov
and allowing to calculate successfully improper integrals. The constructed graphs show good results when determining
displacements with a Poisson’s ratio different from 0.5 and equal to 0.5. It should be noted that the approach indicated in
the paper by S. V. Bosakov and P. D. Skachek can be successfully used in determining all displacements of the faces of
one-eighth face of a homogeneous isotropic sharpened forces tangent to the edge of a quarter-space and this will allow
to solve contact problems taking into account friction forces in the contact zone of the beam or plate.

Keywords: quarter-space, Poisson’s ratio, Boussinesq decision, displacements, concentrated force
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B [1] Ha ocHoBanuu pesyiabtatoB S. C. Y-
TsHAAa [2] MOMydeHO TOYHOE BBIPAKEHHUE IS OIl-
penaeneHus] BEPTUKAIBHBIX IEPEeMELICHUH TIpaHu
YIPYroro OJHOPOIHOTO HM30TPOIHOTO YETBEPTh- —
MIPOCTPAHCTBA OT JIEHUCTBHUSI COCPENOTOYEHHOW Bep-
THKAIBHOM CHIJIBI B BUAE TPOMHOTO HECOOCTBEHHOTO
uHTerpaia. Hago orMeTuts, 4yTo B Hay4HOW JMTEpa-
Type 3TO BBIpKEHHE HOCHT Ha3BaHHE 3a/iauil XeTe- B
HU [3], KOTOPBIN TPEIUIOKUII BBIUHUCIATH €€ METO- -
JIOM HaJIOXKEHUSI PEeLIeHHH I HOMyNpOCTPaHCTBA.
B [4, 5] nenanuce MOMBITKH YIPOCTHTD HOTyYEHHOE Puc. 1. Jlefictsue cOCPENOTOMCHHOMN CHIbL
BBIPOKEHHE YIS TIEPEMEIICHHUIA TIPH POU3BOIBHOM Ha SCTBCPTRIPOCTPARCTBO
kooduimente [TyaccoHa mpu pelueHnn 3aad pac- Fig. 1. Action of concentrated force
yera (YHIAMEHTHBIX KOHCTPYKLIMHI Ha TPYHTOBOM on quarter-space
ocHoBaHuU BOMM3U OTKOCOB. [[. A. Iloxapckmii [6]
OIyOJIMKOBal MOHOTpaduio, I€ B HMHTErPAILHOM

BUJIC IPUBOIATCS (POPMYITBI [J1s TIepeMellieHnid Tpa- ¢ 4rtth (m /4) g2 4th? (m /4)
X —_

Paccmotpum

HUIIBI YIIPYTOTO Y€TBEPTHIIPOCTPAHCTBA OT PA3ITUIHO Teh2t 2T 2 oh’2t .l

TIPUIOKEHHBIX BHEITHUX CHIL sh ——1 sh* —~ -1
PaccmoTpum  BelpakeHHEe AJIsl  ONpPENEIICHUS

BEPTUKAJIbHBIX TEPEMEILICHU TpaHu yHOpyroro mipu mr00b1x 0 <t, 1< o0,

OJTHOPOJTHOTO M30TPOITHOTO HYETBEPTHIIPOCTPAHCT-

Ba OT ACUCTBUS COCPEIOTOYCHHON BEPTUKAIBHOMN

cuisl (puc. 1): Lzl_x+x2_x3+_,_, |x|g1;

IMpuanmaeM pasnoxxenus [7]:

2P(1_V2)oooooc Shzﬂj‘[ 1+x
V(rz)= e _([_M T 1y e 10
T chat 3
xL(o, 7, t)dtdodr; (1) 1 32,
on =142 20
L(o, % 1) = e *%costt K, (or)cosoz _ ch?2t 3
) ’ - 2 2 ’
14 hs 4z th(nt/4) 82 4 th*(nt/4) Taoke IPEICTABHM:
ch2t ,.2mt > ch°2t 27T >
sh™ =1 sh™ =1 Tth(m/4) oo 1 )
e=1-2v, Shz(TE‘E/Z)—‘EZ ~n2—4ch2(n/2)’
rae E, v — MOAyJIb yIOPYroctd ¥ Kod()(HUIUEHT ) ,
ITyaccona uerBepThipocTpancTBa; Ki(X) — QyHK- th (M/ 4) o 1 :
s Beccens [7]. ShZ(TCT/Z)—TZ 4n® -16 Chz(n/Z)
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4Sh2(nr)
sh? (71:1:/2) —72
[ 0,6815+2,42051:2—0,8916r4]
x| 1+ .

= 2(1+ Chm) X
4)

chme

Bripaxenus (2)—(4) momydeHBI HCXOAS U3
ACHMITTOTHYECKUX CBOWCTB (YHKIIMH Ha Hyje
U OECKOHEYHOCTH. TOYHOCTh TPUHSATOW aINIpOK-
CHMAaIlid MO>KHO OIICHHUTH I10 pHC. 2, 3.
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Fig. 2. Expression approximation accuracy (2)

[TomuepkHeM, YTO HAIWYKME OCIMIJUTHPYHOIIUX
(hyakmmid B (1) TOBOPUT O HE3HAYUTEITHLHOM BIIHS-
HUM Pa3IUuuii B 3HAYCHUSX TOYHBIX U aIllIPOKCHU-

e **Mcosttdt =K, (o a);

MupyromuX Beipaxenuit B (2) u (3). Tounocts arm-
npokcumanuu (4) paccMorpeHna B [§].

0,4
0,3
0,2

0,1

1 2 3 4 5
Puc. 3. TouHOCTH aNIpOKCUMaNUy BeIpakeHus (3)

Fig. 3. Expression approximation accuracy (3)

Hcnonp3ys nmpuHATHIE alPOKCUMAIIAN U OITyC-
Kasi IPOMEKYTOUYHbBIC BEIUUCICHUS, TOTYyYaeM:

L(c, T, t)=1+ A (V) + Ao (V) t? +

ch®(n/2) ch?(n/2)
Ay (v)=1,68148¢" — 2,14092¢; (5)
A, (v)=4,28185¢ —6,72591¢’;

Jlamee wucmoib3yeM (GOpPMYINIBI  HHTErpa-
moB [1, 8, 9]:
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+ [47 —72\/§arctg(sh% —-1+ch pDchp+ 2[—5+ 4\/§arctg (sh% -1+ch pnch 21+

+ ch 3ujsh4 %)/(4n(—1+ ch “)7/2 (1+ch p)m )j,

a’+ri+z%

roe chy=——; B4, (Chp) — ¢yHKIHS KOHYca [7].

2ar

B uTore momyyaem BbIpaXeHHE 711 BEPTUKAIBHBIX ITEPEMEIECHI TPaHl YeTBEPTHIIPOCTPAHCTBA OT BEp-

THKQJIBHOW CHIIBI B CIICIYIOIIEM BHJIC:

+ A

R,

P(1-v?
( v ) i+1+a0+a0A)+2
nE R, R,
+a2(1+Ab) Jar  2ar
R, R, R13

R,

Jar

arct
: 2

a’r?

8R?
(ar)5/2

+

[lepBoe ciaraemoe B IOJSyYEHHOM BBIPaKCHUU
IS TiepeMerieHuit (7) — 9TO M3BECTHOE pelIeHUe
Byccunecka [10] mist ynmpyroro oJHOpOJHOTO H30-
TPOIHOTO MHOJYIPOCTPAHCTBA W SIBJISETCS CHHIY-
nspHBIM. Takke MOXKHO 3aMETUTh, YTO HanOOJNb-
Iiee BIWSHWE HA BENWYHUHBI TepememieHuit (7)
yaet ko3¢ dunmenta [lyaccona oka3eiBaeT BOTU3N
pebpa 4eTBepTHIPOCTPAHCTBA, YTO MOATBEPKAAIOT
JlaHHBbIE puc. 4, 5.
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I
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Puc. 4. Tlepemenienust ipu v = 0,5 (5KenThIii 1BET)
u v = 1/3 (cunuit uer) Broab ocu Zupu r=a =1

Fig. 4. Movements at v = 0.5 (yellow)
and v =1/3 (blue) along axiszatr=a=1

B (7) mepememieHuss orpaHWYeHBI Ha pedpe
YeTBEPTHIIPOCTPAHCTBA, Ha OECKOHEYHOCTH CTpe-
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2~/ 2ar
MSATCS K HyI0, Kak 1/R;. [lony4eHHbIe pe3yibTaThl
TaKXKe JaloT BO3MOXHOCTh YTOYHHUTH (HOpMyITy

MepeMEIICHUI TpaHu 1/8 OAHOPOIAHOIrO H30TPOII-
HOTO TIPOCTPAHCTBA, OITyOJIUKOBaHHOM B [9].
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BBIBOJI

[TomydeHo yTOYHEHHOE aHATUTHYECKOE BBIpA-
KEHUe JUIsl OTpelesieHHs] BEPTUKAIbHBIX IepeMe-
LIEHUH TpaHy yHpPyroro OAHOPOJHOTO U30TPOIHO-
TO YETBEPTHIIPOCTPAHCTBA OT JIEHCTBHS COCPEIO-
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TOYEHHON BEPTUKAJILHOMN CUJIBI, CIIPABEIJIMBOE TIPU
mo0bIX  3HavYeHusiXx koddp¢unmenta Ilyaccona.
CrnexyeT OTMETHTH, YTO YKa3aHHBIH TOIXOA TpH
OTIpeIeTICHNH TIepeMENIeHN MOKET OBITh MCIIONb-
30BaH B PEILICHUH 3aJaud O JEHCTBUM COCPENOTO-
YEHHBIX CHJI, KaCaTeIbHBIX K TPaHU YETBEPTHIIPO-
CTPaHCTBA. OTO IMIO3BOJIUT peIIaTh KOHTAKTHBIC
3aJ]a4M C YYETOM CHJI TPEHMsI B KOHTaKTHOW 30HE
Oankw wnw TIacTUHKA. llodydeHHbIe pe3ynbTaThl
TaKKe JAI0T BO3MOXXHOCTh YTOYHHUTH (popmyIry
JUISL OTpeJNIeNeHNs] BEePTUKAIbHBIX IepeMelIeHuH
rpaHd OJAHOU BOCBMOW OJTHOPOAHOI'O U30TPOITHOTO
MIPOCTPAHCTBA, paHEee OMyOJIMKOBAHHOH B CTaThe
C. B. bocakoBa u II. JI. Cxaueka «JleiicTBuEe co-
CpeloTOYeHHOW Ccwibl Ha 1/8 OZHOPOAHOTO W30-
TPOITHOTO TIPOCTPAHCTBAY.
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