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Pedepar. KonTakTHBIC 3a7auy Uil yIpyrod HOJIOCH! AOCTaTOYHO XOPOIIO HCCIIENOBAHBI U OCBEILEHBI B OTCUECTBEHHOM
Hay4HOI nuTeparype. OT4acTH 3TO BEI3BAHO TEM, YTO B HOPMATHUBHBIX JOKYMEHTAX 10 ()yHIaMEHTOCTPOSHHIO PeKOMEHTyeT-
Cs ICTIONB30BaTh 3Ty MOJIETb YIPYroro OCHOBAaHMS ISl MOJAEIHUPOBAHUS CHCTEMBI «COOpYKEHHE — QYHIAMEHT — TPYHTOBOE
ocHOBaHMEe». OOBIYHO pacCMaTPUBAIOTCS JBA BAPUAHTA FPAHUYHBIX YCIOBHIl Ha KOHTAKTE TOJYNOJIOCH C )KECTKMM Henedop-
MHpYeMbIM ocHoBaHueM. IlepBoe rpaHmuHOe ycnoBue oOpallaeT B HyJb BEPTHKAJIbHBIE MEPEMENICHHS U KacaTelIbHbIE
HAMpsDKEHUs], BTOPOE — BEPTUKAIbHbIE U TOPU30HTAIbHBIC NEpEeMELICHUs. 3HAUUTEIbHO MEHEe HCCIIE0BaHbl KOHTAKTHBIC
3aauyd Al yOpyroil Hoiynosockl. B craTbe paccMOTpeHa 3Ta KOHTAKTHAas 3a/a4a IPU BBIIOIHEHHH NEPBOrO IPaHHMYHOIO
yCJIOBHS OOpallleHns! B HyJIb BEPTHUKATHLHBIX ITEPEMEIIeHNI U KacaTeNbHBIX HaNpsHKeHUH Ha KOHTAaKTE MOJYIIOJIOCH! C JKEeCT-
KUM Hene(hopMupyeMbIM OCHOBaHMEM. [Ipn mpoBeneHHM pacueToB B TPAJAWIMOHHOW ITOCTAHOBKE Oe3 ydeTa KacaTeNbHBIX
HanpsDKeHUH B KOHTaKTHOM 30He ucmoisb3yercs crocod b. H. JKemoukuHa, KOTOpBIH CBOAWT pelIeHHe KOHTAKTHOW 3aadu
MEXaHHUKU TBEPAOTO Ae(pOpMHUPYEMOro Tea K PEIICHUIO CTaTUYEeCKH HEOMpeaeTMMON 3aa4i CMEIIaHHbIM METOJIOM CTPOH-
TeAbHON MeXaHMKH. [103ToMy BHaudasne HaliieHbl NTEpEMELIEHUs BEPXHEN IPaHU MOJIYIOJOCH OT PABHOMEPHO PACIpENENIeH-
HOMH 110 y4acTKy rpaHM eIUHUYHOI Harpy3ku. [lomyueHHOe BBIpake€HHE UCTIONB3YETCS Ul COCTABICHHS CHCTEMBI ypaBHEHHIH
criocoba JKemoukuHa. PaccMOTpeH citydaif OCTYNaTeNbHOTO NEpeMeIeHHUsI ITaMIIa, IPUBOUTCS IpaduK paclpeneneHus
KOHTAKTHBIX HallpsKeHUH MO IOAOIIBON IITaMIIa.
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To Solution of Contact Problem for Elastic Half-Strip
S. V. Bosakov”
YBelarusian National Technical University (Minsk, Republic of Belarus)

Abstract. Contact problems for elastic stripes have been well studied and published in domestic scientific literature. This is
partly due to the fact that normative documents on the foundation structure it is recommended to use this elastic foundation
model for simulation of a “structure — foundation — soil foundation” system. Two variants of boundary conditions at the con-
tact between a half-strip and a rigid non-deformable base are usually considered. The first boundary condition nullifies the
vertical displacements and tangential stresses, the second one nullifies vertical and horizontal displacements. Contact prob-
lems for an elastic half-strip are much less investigated. The paper considers this contact problem when the first boundary
condition for zeroing of vertical displacements and tangential stresses at the contact of a half-strip with a rigid, non-
deformable base. When performing calculations in the traditional formulation without taking into account tangential stresses
in the contact zone, the Zhemochkin method has been used, which reduces the solution of the contact problem of solid me-
chanics to the solution of a statically indeterminate problem by the mixed method of structural mechanics. Therefore, at first,
we have found the displacements of the upper edge of the half-strip from the unit load uniformly distributed over the edge
section. The resulting expression is used to compose a system of equations for the Zhemochkin method. The case
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of translational displacement of the die has been considered, and the graph of contact stress distribution under the die's sole

has been given in the paper.
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KonTakTHbie 3a1aun 111 ynpyroi moJjiockl npu
Pa3IUYHBIX YCJIOBUSX €€ ONMPAaHUS PEIIeHBI pa3-
HbIMH aBTOpami [1-4]. OxHako kpaliHe orpaHuye-
HO YHCJIO OITyOJIMKOBAHHBIX Pa0OT IO PEIIeHUI0
3a1a4 JUIs YOpyrod MOJyMoJIOChl NPU Pa3IndHBIX
TPaHUYHBIX YCIOBHUSX Ha €€ TOPIE U MPOAONBHBIX
rpassax [5, 6]. PaGoTel MO pemieHnt0 KOHTAKTHBIX
3aja4 JUIsl YOpyroil MOIynoJochl TaKKe HEMHOIO-
9HUCJICHHEI [7, 8]. ABTOp CTaThH Mpeajiaraet perie-
HUE KOHTaKTHOH 3aJauyu Ijsl yOopyrou moyynosio-
ChbI TIPU 3arpy>KE€HUU €€ MPOAO0JbHOW I'PaHU IITAM-
MIOM C TUTOCKO# moomBo# (puc. 1).
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Puc. 1. llltamn Ha ynpyroi noiymnosnoce
MO/ AEUCTBUEM BEPTHKAJIILHOM HArpy3Ku

Fig. 1. Stamp on elastic half-strip
under vertical load

[MpuarMmaeM ycioBue, 9TO Ha KOHTAaKTe MOIY-
MOJIOCHI U KECTKOTO OCHOBAHHsI OTCYTCTBYIOT BEp-
TUKAJIbHBIC TEepPEeMEIIeHUs] U KacaTelbHble Halps-
KeHus. BHagane paccMOTpHM pelieHre BCIIoMOTa-
TEJIbHOW 3aJadd MpU JSHCTBUH Ha TMOJYNOJIOCY
paBHOMEpPHO pacrpeseleHHoi nmo ydactky (0, b)
Harpy3ku q (puc. 2).
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Puc. 2. JleiicTBUEe PaBHOMEPHO PACIPEACICHHON Harpy3Ku
HA BEPXHIOIO IPaHb [OIYIIONOCH

Fig. 2. Action of uniformly distributed load
on upper edge of half-strip
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OueBuiHO, YTO IEpeMELIEHUs I'paHU IOJIyIO-
Jgockl Y = h oT JelcTBHS ATOH Harpy3ku OyayT
paBHBI NEPEMELICHUSIM T'paHH IMOJOCkl Y = h oT
JIEHCTBUS DPABHOMEPHO pPacCHpelIeICHHOW Harpys-
ku ( Ha yuyactke (b, b) (puc. 3) 3a BbiueTOM me-
pEeMeEIIEHUI TOW IrpaHu OT JEUCTBUS CaMOYpPaBHO-
BEILICHHONM HOPMAaJIbHOM Harpy3KH, MPUIOKEHHOMN
K TOpIy MOJYIOJIOCH, U BBI3BAHHBIX JeHCTBHEM
Ha TI0JIOCY PaBHOMEPHO pacIpeeIeHHON Harpys-
ku ( Ha yuactke (-b, b).
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Puc. 3. JleficTBue CUMMETPUYHOM HArpy3KH Ha MOJIOCY

Fig. 3. Symmetrical load action on strip

Bripaxxenue mjis camMOypaBHOBEIIEHHON TOp-
[IEBOM HATrpy3KH MOJIYYEHO Ha OCHOBAHUH PE3yib-
tatoB pacueroB f. C. Ydusuana [9]

y y y
o chp—p-2shu shu- —shu chu =
_4q W Chp = shyshue—shy chu

o, (y X
X( ) Ty sh2u +2u 1)
sin uE
X h dp.
1
HetpyaHo npoBepuTs, 4T
h
[o(y)dy=o. @)
-h

OYHKIUIO HANpHKEHUH N7 pacyeTa MOJIOCHI
C TOpLEBOM CaMOypaBHOBEIICHHOW Harpy3kou
npumeM B Buge [10]
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rie am, by — KOpHHU ypaBHEHHUS
2(a, +ib, )+sin(2a, + 2ib, ) =0. (4)

YucreHHbIe 3HAUCHUS am, Dy puBeeHs! B [8, 9].
IIpu BeImoHEHWM (4) CTaTHYECKHE KpaeBhIE YCIIO-
BHS Ha MPOAONBHBIX TpaHsx Y = h momymoso-
Chl aBTOMATHYECKH BBITIOIHSIOTCS. BBIMOIHEHHE
TPaHUYHBIX YCIOBUU Ha TOPIE MOJYIOIOCH
mpu X = 0 IPUBOIUT K IBYM YPAaBHEHUSIM:

y y y
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y®:_igli W pe shushp - —shy uhx
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i e (5)
sinug 2
x hdu; acI)=0.
U oxoy

YMHO)kaeM 00e 4acTu NepBOro ypaBHeHHS (5)
Ha Cosnn%dy U MHTETpHPYEM 1O Y B TMpele-

aax (-h, h). Bropoe ypaBHenue (5) ymHOXaem

y

Ha Sinnnﬁdy W WHTETpHpPYEM MO0 Y B TMpene-

nmax (-h, h) (n=1, 2, 3, ...). IIpu 3TOM IMOMEHsIEM
OYEPEIHOCTE HHTETPHUPOBAHHUS W HCIIOJIb3YEM
UHTErpa

h
y y y y
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I[JI}I BBIYHCIICHHUS] HECOOCTBEHHOT'O HHTCTrpaia
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o chy —p-shu shu > —shu chu >
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X hdl,l
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npuMeM anmpoxkcumarmio [11]
2
L(u)=—jﬁii—-=é{1—eﬂ“—lueﬁ“} 8
sh2u+2u 2 2
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ITorpemHocTh TakoW anmpoKCHUMAallid MOXHO
oLeHHUTh 1o Tpadukam Ha puc. 4. Cienyer oTMme-
TUTH, YTO TTOTPENTHOCTH BBHIYUCICHHS (7) C yU4eTOM
MPUHATON anmpoKcHManuu OyneT MeHbIe Io-
TPEUIHOCTH amnpoKcuManuu (8) B pe3ynbrare MH-
TErpUPOBaHUS KaK I MHTETPATLHON BETMIUHBI.

1,0 —reeme
==
L(w) o
06
1
04 /
02+ A
1 2 3 4 u 5

Puc. 4. Tounoe (1) u annmpoxcumupoBanHoe (2)
BbIpaxkeHust 1u1st L (1)

Fig. 4. Exact (1) and approximated (2)
expressions for L(p)

[IpencraBienue (6) MO3BOMNSAET BHIYMCIUTD HH-
terpast (7) ¥ ONMpeNeNuTh CBOOOJHBIE WICHBI CH-
CTEMBI JIMHEHHBIX aJreOpandecKux ypaBHeHul (5),
KOTOpasi pelanack crocobom yceuenus [12].
Takum obpazom ompemenmsumucek A; u Bi B (3).
[To ¢pynkumm Hanpspkenuit (3) onpenensinch Bep-
TUKaNbHBIEe TiepeMerieHust V(X) rpanu Y = h momy-
MOJIOCHI OT CaMOYPaBHOBEIIEHHOW TOPLIEBOM Ha-
rpy3k# (1).

OKOHYaTeNbHO BEPTUKAIbHBIE IEPEeMEIICHUS
IPaHu MOJYIOJOCH Y = h OT paBHOMEPHO pacrpe-
JeneHHow mo yuactky (@, b) marpysku ( ompene-
nsTCs GOpMyIIOi

B qh(l—vz)‘*’

V(x) n—E.([L(u){sin(ub;hxj— o
_sin(u%ﬂdu +V;(x),

rae @, b — rpaHuIBl NPHIOKEHHUS pPaBHOMEPHO
pacnpezieieHHON Harpy3KH 10 TPaH! MOTYTIONOCHL;
Vi(X) — rpomMo3/1KOoe BBIpaKEHUE, KOTOPOE OIpee-
JIeT MEepeMELIEHHs] BEPXHEHN TI'paHu IMOJIYNOJIOCH
OT TOPLIEBOM CaMOypaBHOBEILIEHHON HATPY3KHU.

[Tpu onpenenennu V(X) Takke UCIOIb30BaIACh
armpokcumarus (8). Ha puc. 5 npuBenens! rpadu-
KU BEPTUKAJIBHBIX MEPEMEIIEHU BEepXHEW TpaHu
TMIOJTYTIONOCHI IPU HEKOTOPBIX MOJOKEHHUSIX PaBHO-
MEpPHO PpACIpPEACIICHHON Harpy3kd Ha BepXHeEi
TpaH! TOJIYIOJIOCH.
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Puc. 5. BeprukanbHble epeMelleHNUs BEpXHEN rpaHu
IOJIYIOJOCHI IPU HEKOTOPBIX MOJIOKEHUAX
PaBHOMEPHO paclpeeIeHHOM 110 y4acTKy IpaHHU Harpy3Ku

Fig. 5. Vertical displacements of upper edge
of half-strip at some positions
evenly distributed over section of load face

PaccmoTpum mTamn, BraBiuMBaeMblii 0e3 Tpe-
HUS BEPTUKAIBHON HArpy3kod B BEpPXHIOIO I'paHb
noxynosnocsl (puc. 1). CraBuTcs 3amava omnpene-
JUTh PACTIPEICICHUE KOHTAKTHBIX HOPMAaTbHBIX
HanpspkeHuit. Pemmum ee cocodoom b. H. XKemou-
kuHa [13]. st aToro pazodbem 067aCTh KOHTAKTa
Ha YYacTKH PaBHOW JUIMHBI M B LIEHTPE KaXKIOTO
ydacTKa IMOCTaBUM JKECTKHH CTEp)KEHb, depe3 KO-
TOpPBIA OyAET OCYHIECTBIATHCS KOHTAaKT IITamMIla
¢ momymnosiocod. IlomyyeHHyI0 cTaTMYECKH HEOll-
peAEeIUMYI0 CUCTEMY pEIlaeM CMELIaHHBIM METO-
JIOM CTPOUTENbHON MeXaHukH [14], mpuHsB 3a He-
M3BECTHBIC YCHJIUS B CBS3SIX JIMHEWHOE M YTIIOBOE
MepeMenieHns BBEACHHOTO Ha Kpaio IITaMma 3a-
memieHus (puc. 6).
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S D S S A D 0 S S

Puc. 6. OcHOBHAs CHCTEMa CMEIIAaHHOTO METOIa
CTPOUTENIFHON MEXaHUKH JJIs pacyeTra IuTamiia
Ha yIpyrou noiymnosoce

Fig. 6. Basic system of mixed method
on structural mechanics for die calculation
on elastic half-strip

Cucrema KaHOHHMYECKHX YpPaBHEHHUH CMeIIaH-
HOTO METOJIa CTPOUTEIILHON MEXaHHUKHU NJIsl pacye-
Ta [ITamIa UMEeT BUJI:
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Oy Xy 4.+ 8y X + U —%(po =0;

81Xy + ot By X +Ug —(2m—1)%(p0 ~0; (10)

m
=> X, +R=0;
=1

m
S 20 Lex +Rey =0,
2

n=1

rjie M — 9UCJIO y4acTKOB JKeMOUKHMHA Ha IITaMIIE;
Xi — ycunue B cBsizu JKeMoukuHA ¢ HOMEpPOM |
R, Rey — paBHOmEHCTBYIOIAs BHEITHEH HArpy3Kd
W €e MOMEHT OTHOCUTEIBbHO 3allleMIICHUS; Ojkx —
MepeMenieHne IeHTpa ydacTtka JKeMOodknHa Ha
MOJIYTION0CE ¢ HOMEPOM | OT ACHCTBHS CIUHUIHOMN
CWJIBI, PABHOMEPHO PACIPEEICHHOW 10 Y4acTKy
¢ Homepom K.

[ocne perienus cucreMsr (10) 0OBIYHBIMU Me-
TOJaMU CTPOUTEIHLHOW MEXaHWKH ONPEICIISIOTCS
M3rubaroIe MOMEHTHI U MOTIePEYHbIE CUIIBI B Ce-
geHusX mramma. OcoObIii MHTEpEC MPEeACTaBISICT
CJly4all TIOCTYIIATEIIEHOTO IMEePeMEIIeHUs [ITaMIIa.
ITpu stoM @ = 0 u B cucreme (10) mpomanaror
MOCEeTHUHA CTONOEN W TOCIEeAHss CTpoka. Benu-
YHHA PACCTOSHUS OT 3aIEMJIEHUS O TOYKHU IPH-
JIOXKEHHUSI PaBHOJEHCTBYIONIEH, BBI3BIBAIOIICH I1O-
CTYTATENBHOE MIEPEMEIICHHE IIITaMIIa, OTPEACITUT-
cs 13 GopMyITBI

1. 2n-1
e=—>» X C. 11
R; "o (11)

Ha puc. 7 npuBeneH rpapuk pacrpeacacHus
KOHTAKTHBIX HAIPSDKEHUH TOJ| HITAMIIOM TIPU €ro
MOCTYTIATEIBHOM TepeMernennn mpu a = 0 u b = h.
Take mnonyueHo e =0,6539h. TIlpu pacuete
HITaMI pa30UBaNICs Ha JACCATh YUACTKOB.
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s /
——3,0 /
—25 /
20 /
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0,2 0,4 0,6 0,8 «x/h
Puc. 7. Pactipenenenne KOHTaKTHBIX HAIPSXKEHUH
MO/ IITAMIIOM TIPH €r0 MOCTYNATEIbHOM NepEMEICHUH

Fig. 7. Distribution of contact stresses
under stamp during its translational movement
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BBIBOJ]

[IpemioskeHa HecnoXHas METOJUKA pacyera
HmITamMna Ha ynpyroi nosynonoce. OHa OCHOBaHa
Ha crocobe b. H. XKemouknHa u mo3BoisieT pac-
CUMTHIBATh TaKke OaJKM KOHEYHOW >KECTKO-
CTH, PAacHoOJOKEHHBIE Ha YNPYro MOJIYyHoJoce.
Jns 3TOTO B BBIp@XKEHUAX I KOIPPHUIHUEHTOB
1 CBOOOIHBIX WieHOB crucTeMbl (10) HEoOXommMo
M00aBUTH CllaraeMble, YYHUTHIBAIOIIEE H3THOHYIO
skecTkocTh Oanmkn [13]. TlomydeHHbIE pe3ynbTaThl
MOT'yT HaWTH MNPUMCHCHHUC B MAllIMHOCTPOCHUU.
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