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Abstract. The electric bus is an ecological means of transport. Its operation reduces the negative impact on the environment.
The transition to electric urban transport is in line with the concept of sustainable development of the European Union and
the Polish “Act on Electromobility and Alternative Fuels”. Today, on the streets of Polish cities, electric buses are increa-
singly replacing diesel-powered vehicles. The electrification of the bus fleet requires the establishment of an appropriate infra-
structure for charging vehicle batteries. Electric chargers are placed at the end stops of the communication lines. When
the bus stops at the end of the route, it is possible to partially recharge the energy consumed. The amount of recharged energy
depends on many factors, such as the power of the charger, bus stop time, possible waiting time for a free charger, etc. In the
event of incomplete replenishment of the consumed energy, the completion of subsequent courses may be endangered.
The article proposes an approach to the analysis of the process of charging electric buses at the end stops of the route, taking
into account the characteristics of the vehicle battery, the intensity of vehicle traffic, the characteristics of stationary chargers
and its quantity. The proposed approach uses queue theory to describe the process of bus charging. The result of the research
is the estimation of the use of the chargers in different configurations and the estimation of the state of charge of the bus
battery for selected timetables.
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Pedepar. Onexrpuueckuii aBToOyC SBISETCS 3KOJOIMYECKUM CPEICTBOM INEPEBIKEHHSI, SKCIUTyaTalusl KOTOPOTO CHIKAeT
HEraTUBHOE BO3JEHCTBHE HAa OKpYXkarollyto cpeny. llepexon Ha ropoaCKOM IEKTPUUECKUI TPAHCIIOPT COOTBETCTBYET KOH-
nenuy cOaTaHCHpOBaHHOTO pa3BUTHs EBpocorosa u 3akoHy 00 37IEKTPOMOOHIBHOCTH M IBTEPHATUBHBIX BH/AX TOILIMBA,
npunaromy B [Tomsme. Cerons Ha yIunax MojbCKUX FOPOJOB BCE Yallle MOXHO YBHJIETh MJIEKTPHUYECKHE aBTOOYCHI, KOTO-
pble 3aMEHSIOT JM3elbHbIe TPAHCIIOPTHBIE CPEACTBA. DJIEKTpU(HKALU aBTOOYCHOTO Mapka TpeOyeT CO3/1aHus COOTBETCTBY-
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aBTOOYCOM HOCIIEIYIOIIX KypCOB MOXKET OKa3aThCsl MOJ yrpo3oil. [IpemtoxkeHo ncnoibp30BaHAe TEOPHH odepereil il aHam3a
npoLecca OOCITyKUBAHUS 3apsIIKH NEKTPUUECKUX aBTOOYCOB Ha KOHEYHBIX OCTAHOBKAX MaplIpyTa C y4ETOM TaKHX MapamMeTpoB,
KaK: XapaKTepPUCTUKA aKKyMyJITOpa TPAHCHIOPTHOTO CPEICTBA, HHTEHCUBHOCTD ABIKEHHS HA MapIIPYTE, MOIIHOCTb U KOJIMYECTBO
CTaIMOHAPHBIX 3apSIHBIX YCTPOUCTB. Pe3ynpraramMu HCCEOBaHUS SIBISIIOTCS OILEHKAa BO3MOXKHOCTU IIPHMEHEHUS 3apsIHBIX
YCTPOMCTB HAa KOHEYHBIX IyHKTaX MapILIpyTa B Pa3iIMYHBIX KOH(HUIYpalUsX, a TAKKE OLCHKA COCTOSHUS 3apsia akKKyMyJIITOPHOM
Garapeu aBToOyca U1l BBIOPAHHBIX PACIMCAHUI B 3aBUCHMOCTH OT YKCJIA BBIIOJHEHHBIX KYPCOB Ha MapIIpyTe.

Knwuesble ciioBa: 3HeKTpI/I‘{eCKI/Iﬁ aBTO6yC, AKKYMYIJIATODP, 3HeKTpOMO6I/IHBHOCTB, TCOpUs oqepe/:[eﬁ, I'OpOIICKOﬁ TpaHCIIOPT

Jns quTHpoBaHuA: AHaaM3 MPOOIEMBI IPH 3apsiKe IEKTPUUECKHX aBTOOYCOB ropojckoro Tpancnopra / A. Uepemnwm-
kuid [u 1p.] // Hayka u mexuuka. 2020. T. 19, Ne 4. C. 349-355. https://doi.org/10.21122/2227-1031-2020-19-4-349-355

Introduction

Electromobility is a contemporary trend in the
development of transport systems in Europe [1].
The concept of sustainable development of the
European Union assumes, among other things,
the transition of public transport to electric vehicles.
In accordance with “A European Strategy for Low-
Emission Mobility” [2], the development of trans-
port using alternative fuels, including electricity,
is a priority for the coming years. In Poland, the
development of ecological means of transport is
promoted by the “Act on Electromobility and
Alternative Fuels” approved by the government [3].

Electric buses are one of the green means of
transport. Using an electric bus as a replacement
for a combustion vehicle reduces the negative im-
pact on the environment, among others by reducing
greenhouse gas emissions and noise levels. There-
fore, on the streets of European cities, electric
buses increasingly replace traditional combustion
buses [4].

The introduction of electric buses in public
transport is related to the development of ve-
hicle charging infrastructure. During operation on
the line, the bus consumes electricity. The source
of this energy is a battery placed on the bus. Con-
temporary technologies of the lithium-ion batteries
production [5] allow to reach the capacity of the
battery, which is enough to perform several trips
on the route without recharging the battery. Next,
the battery must be recharged in order to ensure
a continuous vehicle operation during the working
day. It is possible to recharge the battery when
the bus is scheduled to stop at the end of the route.
The consumed energy is replenished by electric
chargers located at the end stops of the route.
The amount of energy replenished depends directly
on the power of the charger, the type of battery and
the charging time.

When designing timetables, various criteria
are considered, including route length, number
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of stops, intensity of passenger flows, number of
vehicles, minimization of transfer times, etc. Opti-
mally designed public transport timetable requires
to agree on passengers’ expectations and carrier’s
capabilities. Switching urban bus transport to elec-
tric vehicles introduces additional restrictions
to the timetable planning system, which are related
to the charging time of the electric vehicle. If the
bus does not replenish all the energy used for
the course while staying at the end of the line, the
next course may be threatened by insufficient bat-
tery state. The situation becomes more complex
if chargers are shared between buses with different
lines at common end stops.

Therefore, the use of electric buses instead die-
sel buses in urban transport requires a preliminary
analysis of existing timetables in order to estimate
the energy consumption of the bus along the route,
the quantity energy supplemented during stopovers
depending on the number and characteristics of
chargers, and the rules of management of the buses
charging process at the routes end stops.

The paper proposes and analyses a model of a
system for managing the process of charging elec-
tric buses with the use of the queuing theory.
The purpose of the model is to estimate the condi-
tions needed for the handling of an urban transport
line by electric buses. The input data of the model
are the number and power of chargers, and the
timetable of bus travel. The estimation of battery
state depends on the number of trips made, the es-
timation of the time of using the chargers and the
total power consumption at the end stop.

Problem definition

Let all the lines that will be operated by electric
buses be represented by the set R € {ry, r, ..., 7u}.
Each line r; € R can be described by the characte-
ristics r; = {s,, 5, d}, where d — route length; s, s,—
starting and ending stops of the line (Fig. 1). The r;
line can start and end at the same stop, i. €. 3r; € R
for which s, = 5. The same end stop may belong
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to several lines of communication, i. e. 3s; € S for
which r,ur, # 0. It is assumed that each line »; € R
is operated exclusively by electric buses (without
combustion engines), which represent the non-
empty finite set 4; = {a';, a ..., aki}. All electric
buses are represented by the finite set A = {4, 4>,
..., A,}. It is also assumed that one bus serves only
oneline, i. e. VA;, A, € A, i #j =>AJA4;={ }.

The source of energy driving the electric bus
is an accumulator battery with a capacity
of Ep., KW-h. The electricity used to cross the route
of the r; urban transport line is E,,..(r;), kW-h.
The value of energy consumption for each route
was obtained from experimental measurements
or estimated by modelling methods.

d, route distance
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departure stop bus "/.- arrival stop
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Fig. 1. Examples of configurations of lines and end stops

The energy of the bus battery used for the route
is partially replenished when the bus stops at the
end of the route. It is assumed that both ends of
the route are equipped with loaders. For technical
reasons, the possibility of charging the batteries
at intermediate stops is excluded: due to the short
stopping time and intensive traffic within the city
stops, this would create additional problems that
would not compensate for the effect of short-term
charging. All the chargers placed at the end repre-
sent a non-empty set C(r;) = {cy, ¢a, ..., ¢;}.

The bus arriving at the route's end occupies the
first available charger. If all the chargers are occu-
pied now, the bus is queued up to wait for an avai-
lable charger. If the estimated waiting time in the
queue exceeds the scheduled waiting time at the
end, the bus must leave the queue. In this case,
the battery is not charged. After releasing any
charger, the first bus leaves the queue and starts
the charging process. The bus that has recharged
battery leaves the stop. The process of bus
charging is shown in Fig. 2.
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Fig. 2. Charging the bus battery at the end stop

Description of the queuing system

Let’s describe the functioning of the elect-
ric buses charging system in the terminology of
queuing systems. In order to classify the system,
the following should be formulated: the process
of arriving the buses to the end stop, the process
of recharging the battery and the rules of the
queue's operation. Let's the average frequency
of bus arrivals at the end of the route is A. For
example, A = 5 means that in one hour at the end
stop of the route arrives 12 buses. The basic factor
determining the intensity of A is the bus timetable.
In fact, A depends on the time of day: in rush hour
its value will be maximum. For further calcula-
tions, the maximum A values will be used.

The single ¢; € {C} charger provides the bus
service channel. At the end stop of the route it is
possible to place any number of chargers (greater
than zero). It is assumed that all chargers have
identical characteristics. The p intensity of the bus
operation process is determined by the number
of g chargers and the charging time ¢,

-4
h="= (D

c

When the next bus comes to an end, it is pos-
sible that all the chargers are occupied. In this case,
the bus can resign from charging or stand in a
queue. The queue-free system is the simplest way
to organize the bus service process. It is also friendly
for the driver, who does not wait in the queue and
can use this time to relax. However, it has
the lowest effectiveness in processing requests.
The system with unlimited queue length guarantees
that the bus battery will be charged sooner or later.
However, it does not ensure that the timetable
is respected. In this situation, the best solution
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seems to be a queue with a limited waiting time.
The bus may resign from waiting in the queue
if this may delay the next trip.

Let's describe the states of the queuing system
for charging buses at the stop. A set of discrete
system states can be defined as S = {S,, S, ...,
S,, ..., St}. The initial state of the system is a state
So where all chargers are free. The occupation of
the first free charger by the bus brings the system
to the state of S;. Let g be the number of chargers
at the stop. Then the states S,...S,; represents
the situation when the system accepts requests
and immediately serves buses that are coming to
the stop. The S, state means that all chargers are
occupied. In a system without a queue, the next
requests will be rejected, i. e. S, is the last state
of the queue-free system. In systems with a queue,
the state S,.; represents the situation when all
the chargers are busy and there is one bus waiting
in the queue. The maximum number of buses in
a queue is limited by the total number of buses on
the route — k. Then the last state of the system will
be S;, when all the chargers are busy, and in the
queue are waiting k—q buses (Fig. 3).
= @Y =] = i =
R AR R
o =YY

/ 7 S k=
- ~ -

Fig. 3. Diagram of system states

Transitions between states occur at random
time points. The system transition time from
one state to the next is very small in comparison
with the time where system is staying in the S;.
The probability of the system transition from the S;
state to the different S; state does not depend on
the states preceding S;. For example, the system
may go to the S state (one charger is occupied),
when the charging bus leaving charger (from ),
or when the bus arrives to the stop and all chargers
are free (from Sy). Therefore, the process of buses
handling at the stop can be considered as Mar-
kov process [6]. We also assume that the number
of buses on the route is very large (k>>1) and
the scheduled intervals of their courses are much
smaller than the journey time (otherwise the prob-
lem of handling many buses at the end simply does
not exist). In this case the number of requests
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in a random time interval t; will not depend on
the number of requests in another interval t,, pro-
vided that the intervals do not overlap: t, N 1,={ }.
So, the process of arrival of the buses at the end stop
can be considered as the Poisson’s process [7].

Let p; be the probability that the system is
in the §; state. For so defined SMO it is possible
to build a system of Kolmogorov equations for
systems with a finite number of states. The sum

k
of all probabilities is z p,=1. Accordingly,
i=0

the probabilities of each state can be calculated as:
7\‘01

1
Do =(1+—+ Miahor o+ M -«~7~127»01J :
Mo Haityo M k-1 -+ Ha1kyo

Dol
P = o™or .
Hio
Dol
Py = oti2ttor .
Haitio

_ Pol i -+ Mooy
¢ Mg k-1 - Haiko

Assume that the waiting queue of buses works
on the FIFO rule. The time that the bus stays at the
end stop must not exceed the maximum value,
which is determined by the timetable. The bus
driver can resign from waiting in the queue if there
is a risk of delaying departure for the next trip. Let
t, is the average waiting time in the queue at the
stop, after which the bus leaves the queue. In this
case, the intensity of the stream of resignation from
waiting can be defined as v = 1/t. Let’s intro-
duce the channel load coefficient p = A/p and the
resignation coefficients [ =v/p.. Then the proba-
bility that all chargers are available will be calcu-
lated as:

2 n
“l1+P P P
po_[1+1!+ o +..+ o +

i P + p2 +..+
n'\n+p (m+p)n+2p)

; a j |
(1 B+ 2B)..n + 1)
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The probability that i chargers are occupied and
there is no bus waiting in the queue will be

D; =po%, ie[l...q].

The probability for other states of the system,
when the queue is not empty, depends also on the
intensity of the resignation from waiting
q+i
Po P —,i>0

q'(q +B)g +2B)...(q +iB)

pq+i =

The average number of queued vehicles can be
calculated as w="ip, . Then the average num-

ber of resigning buses can be estimated as R =wv.
Absolute throughput of the system (i. e. the ave-
rage number of buses charged per unit time) will be

A=\—w.

The relative throughput of the system (proba-
bility that the next bus will be charged) will be re-
spectively

A wy
21—
0 A A

The expected average number of the occupied

chargers will be

A _
C=—=p-wp.
u

Calculation of system characteristics
using real data

We will calculate the system characteristics
using the real data obtained for chosen bus line [8].
The intensity of bus arrivals at the end stop was
calculated using timetable at rush hours of the
working day: A = 14. The average time ¢. of the bus
stay at the end stop equals 10 minutes. So, the
intensity of the vehicles handling process can be
calculated from (1) as u=gq/t. =q/(10/60) = 6q,
where g — variable number of chargers. We assume
that the average bus waiting time in a queue does
not exceed the total waiting time at the end stop
of the route and equals z, = 10 min. Then the inten-

sity of the resigning will be v = tl = 6. The results

of the calculations are presented in Tab. 1.

We will analyze obtained data. Fig. 4 shows
the dependence of the probability of the system
staying in the states py ... py from the charger’s
number ¢g. The probability of p, (all chargers are
free) increases with increasing ¢g. Of the remaining
states of the system, it most often stays in p; when
exactly one vehicle is in charging. The maximum
value p;=0.36 is reached for the number of
chargers ¢ = 3.

Table 1
Calculated characteristics of the system

Number of chargers n 1 2 3 4
Intensity of bus arrivals at end stop A 14 14 14 14
Intensity of charging process p 6 12 18 24
Intensity of resigning process v 6 6 6 6
Resignation coefficient § = v/p 1.00 0.50 0.33 0.25
Channel load coefficient p = A/p 2.33 1.17 0.78 0.58
Probability p, of the Sy system state
(all chargers are free) 0.10 0.30 0.46 0.56
Absolute throughput 4 (average number of buses
charged per unit time) 5.42 11.28 13.76 13.98
Relative throughput Q = A/A 0.39 0.81 0.98 0.99
Average number of occupied chargers C = A4/u 0.90 1.88 2.29 2.33
Average number of queued buses w 1.43 0.23 0.01 0.00
Average number of resigned buses R 8.58 2.72 0.24 0.01
TeXalr 19, Ne 4 (2020) 353
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Fig. 4. Probability of the system's states

Fig. 5 shows the average number of queued
buses depending on chargers’ number. As can be
seen, the addition of a second charger significantly
reduces the length of the queue. With ¢ =3 the
queue almost does not exist.

L6 143
1.4
1.2
1.0
0.8
0.6

Average queue length

0.4
0.2

0

Number of chargers g

Fig. 5. Average number of queued vehicles

Fig. 6 compares the number of served buses
with the number of resigning buses. For one
charger about 9 of 14 buses per hour will resign
from queue waiting. For two chargers, the abso-
lute throughput of the system 4,-, = 11, i. e. about
of 3 buses will resign from queuing. Three char-
gers will handle all requests.

We will analyze the process of replenishing the
energy of the bus battery during a stop at the end
of the route. For charging electric vehicles, fast and
slow chargers can be used. In the case of public
transport, where the bus stopover time is short and
the battery capacity is relatively large, fast chargers
of 100 to 600 kW must be used to charge the
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battery. Such chargers usually use the energy of
existing tram or trolleybus networks [9].

100% o owe
90% % @
80% % Y
70% @
60% %
50% % 1 R
40% o1 ;A
30%
20%
10%
0%
3 4

1 2
Number of chargers ¢

Number of served (4) and resigned (R) buses

Fig. 6. Comparison of serviced and resigning buses

Let us assume, that the battery capacity of a
typical electric bus of 12 m length equal to Cp, =
= 200 kW:-h, and the time of its full charging
ty: = 2 h. The average battery energy consumption
for the route was estimated using behavioral bat-
tery model [10] and amounts to E,,. =30 kW-h =
= 15 % C,y. During charging the bus comple-
ments Echarge = Cbat/tbat'tcharge = 200/2 - 0.166 =
=16.66 kW-h=8.3 % Cp,,.

The battery energy should be enough to ensure
a continuous running of the electric bus on the line
during+ the working day. We assume that the bus
will depart on its first trip fully charged. For cal-
culation the expected number of daily trips for
the different number of chargers, the relative
throughput of the system O may be used. The ex-
pected battery status after n courses can be esti-
mated as Ebat(q7 n) = Cbat - n(Etrac - EchargeQ)'

Tab. 2 shows the state of bus battery as a func-
tion of the charger’s quantity and journey number.

As can be concluded from the results obtained,
if the buses are not charged at the route’s end, the
battery will be discharged after 7 courses (Fig. 7).

Adding a single charger does not significantly
change the situation: due to the low system
throughput, most buses will resign from recharging.
For two chargers at the end, they will be occupied
through 94 % of the time. In this case, 81 % of
battery charging requests will be handled and the
average number of vehicle journeys will be 12.
Increasing the number of chargers to 3 will result
in 98 % of requests being handled and the ma-
ximum number of journeys approaching to 15.
Further increase in the number of chargers will not
have noticeable effect.
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Table 2
Estimation of bus battery charge state E;,(q, n), %,
after n journeys for ¢ chargers

Journey Number of chargers ¢
number n 0 1 ) 3 4
0 100 100 100 100 100
1 85 88 92 93 93
2 70 77 84 86 87
3 55 65 75 80 80
4 40 53 67 73 73
5 25 41 59 66 67
6 10 30 51 59 60
7 - 18 42 52 53
8 6 34 45 47
9 - 26 39 40
10 18 32 33
11 9 25 27
12 18 20
13 - 11 13
14 4 7
15 _
100 §
90
@ 80
E’ 70
% 60
%' 50
=
S 40
E\ 30
&
20
10
0

0123456728 9101112131415

Number of journeys

e = () === g=1 q=2
—m=g=3 qg=4

Fig. 7. Estimated number of journeys

So, when planning to handle buses at the end
stop of the route in described situation, should be
considered 2 or 3 chargers. The final decision may
be taken using the function, which should consider
the cost of installation, the cost of operation and
the required number of vehicle journeys per day.
In our case, the planned number of vehicle jour-
neys per day was 12, i. e. the expected result can
be reached with ¢ = 2 chargers.
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CONCLUSION

The article presents issues of planning the ser-
vice of charging batteries of electric buses in pub-
lic transport. A queuing theory has been used
to describe the system. Based on a timetable, we
have determined parameters of incoming bus
requests in order to recharge a battery. The effi-
ciency of the bus service process, principles of
queue operation and conditions of bus resigna-
tion from charging due to a limited waiting time
have been determined. We have calculated a mass
service system capacity, probability of bus re-
signing and average queue length for different
number of chargers. Introducing the capacity of
bus battery and electricity consumption on the route,
the average number of bus journeys on the line has
been estimated for each configuration of chargers.
The obtained theoretical results can be used as a
reference point in the design of real bus charging
systems and as an input to a computer modeling
system of the described problem.
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