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Pedepar. [Ipeanaraercs noaxo K pemeHUIO MPOOIeMbl ONTHUMHU3AIMN CKIIAJICKOH U TPAHCIIOPTHON MH(PACTPYKTYpHI peru-
oHa. [IpoGnema cocTOUT B ONpEAENeHUH ONTHMAIBHBIX MOLTHOCTH U MECTOPACIHONIOKEHHUsI OTIOPHON CETH CKIIaf0B HA TEPPH-
TOPHUHU PETHOHA, MOIIHOCTH, COCTaBa U MECTOPACIIOJIOKEHHS aBTOTPAHCHOPTHBIX MapKoB. C LEIbi0 ONTUMHU3ALUN PAcCCMATPH-
BAIOTCSI MaTeMaTHIECKHE MOJENIN PETHOHANBHOM CKIIAJCKOI CeTH U CEeTH aBTOTPAHCIOPTHBIX MApKOB. DTU MOJEIH MPEICTaB-
JIeHBI B BHJIE 3a/la4 MAaTeMaTHYECKOTo MPOrpaMMHUpPOBaHus ¢ cenapadenbHbIMU GyHKumsiMu. IIponecc noucka onTuMaabHOTO
peIICHNs 3a1ad OCJIOKHEH MX OCOOCHHOCTSMHM: BBICOKOH Pa3MEPHOCTbIO, HEMHEHHOCTHIO (DYHKLHMH M TEM, YTO Ha 4acThb
MIEPEMEHHBIX HAJIOXKEHO OTPaHMYCHUE LEJOYUCICHHOCTH, a HEKOTOphIE NEPEMEHHBIE MOTYT NPUHUMATh 3HAYCHHUS TOJIBKO
U3 JIUCKPETHOTO MHOXeCTBa. IlepeunciieHHble OCOOEHHOCTH 3a1au OOYCJIOBIMBAIOT OTKa3 OT MOMCKA TOYHOTO PEIICHUS.
B cratbe mpeasaraercsi IpUOIMKESHHBIN TTOXO0/ K PEIICHHIO 337a4. DTOT MOAXO/ HalleJIeH Ha MCIOIb30BaHKue 3G (GEKTUBHBIX
BBIUUCIIMTEIBHBIX CXEM PELICHHST MHOTOMEPHBIX ONTUMHU3ALMOHHBIX 3324, HMEIOIINX BBICOKYIO pa3MepHOCTb. st mpuoiu-
JKEHHOTO PEIICHUS 3a/1aull BBIMOIHIETCS MEPEXO/] K €€ HEMPEPhIBHON peslakcallii, KoTopas MpeJarnonaraeT oTkas oT TpeboBa-
HHH LIEIOYHUCIICHHOCTH (IMCKPETHOCTH) EPEMEHHbIX. B KauecTBe MPUOIMKEHHOTO PELICHHsT HCXOJHOM 3a/1aull IPUHUMACTCS]
IpUOIIKEHHO ONTUMAJIbHOE PEIIeHHEe €€ HelpepbIBHOH penakcaiuu. [IpeanaraeMelii MEeTo pelieHus opa3yMeBaeT JIMHe-
apU3alHIo MOTyYSHHOH HEeNpephIBHON pellakcalyy M MCHOJIB30BaHUE CXEM CenapadenbHOTo MpOrpaMMHUPOBAHUS U BETBEH,
U rpaHul. B crathe OroBOpeHBI 0COOCHHOCTH HCIIOIB30BAHHS CHMIUIEKC-METOJA NPH PELIeHWN JIMHEapH30BaHHON Hempe-
PBIBHOM penakcaIy NCXOIHOH 3a1aun, yKa3aHbl clienu(pUIecKre MOMEHTHI pealli3aliy MeToa BeTBel U rpanuil. [Tokasana
KOHEYHOCTB aJTOPUTMA PELICHHs 3aJa4H, JaHBl PeKOMEHJAIlH 10 YCKOPEHHUIO MPOIecca IOMCKA PEIICHHSI.
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Abstract. The paper proposes an approach to solution of the problem pertaining to warehouse and transport infrastructure
optimization in a region. The task is to determine optimal capacity and location of the support network of warehouses on the
regional territory and capacity, composition and location of motor fleets. Mathematical models of the regional warehouse
network and the network of motor fleets have been used with the purpose to carry out optimization process. These models are
presented as mathematical programming problems with separable functions. Searching process of optimal solution for problems
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is complicated due to high dimensionality, non-linearity of functions, and the fact that a part of variables are constrained to inte-
ger, and some variables can take values only from a discrete set. The mentioned above task peculiarities motivate rejection from
search for an exact solution. The paper proposes an approximate approach to solving problems. This approach is directed on
usage of effective computational schemes for solving multidimensional optimization problems which have high dimensionality.
It is proposed to carry out transition to continuous relaxation of the original problem in order to obtain its approximate solution.
The continuous relaxation presupposes rejection from variable integrality (discreteness) conditions. As an approximate solution
of the original problem an approximately optimal solution of continuous relaxation has been taken in the paper. The suggested
solution method implies linearization of the obtained continuous relaxation and usage of separable programming schemes and
branches and bounds. The paper describes usage of a simplex method for solving a linearized continuous relaxation of the ori-
ginal problem and specific moments for implementation of a method of branches and bounds. The paper shows finiteness of

the algorithm for problem solution and recommends how to accelerate process for searching a solution.

Keywords: regional warehouse network, continuous relaxation, separable programming, optimization tasks
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BBenenne

B [1-5] nmpemoxkeH moaxo K PEIICHAIO 3aja-
YU OMpEAeNICHUs] MOIHOCTH M MECTOPaCIOI0XKe-
HUS OTIOPHOM CETH CKJIal0B Ha TEPPUTOPHUHU PErH-
oHoB. Kak peanmzanus 3TOro mojaxoja aBTOpaMu
pa3zpaboTana mareMaTuieckas MOJICNb B BHJE 3a-
Jlayl MaTeMaTUYeCKOro MpOorpaMMUpPOBaHMS. 3a-
Jlayy ONTHMHU3AIMN PETHMOHAIBHOM CKIIAJCKON ce-
TH PE30HHO paccMaTpUBaThb COBMECTHO C 3ajayeit
ONTUMH3ALMU  TPAHCIIOPTHON HHOPACTPYKTYPHI.
MoaenupoBaHUI0 M ONTHUMH3AIUN TPAHCIIOPTHOMN
UHQPACTPYKTYpBl PErHOHA TIOCBSIIEHA CTaThs [6];
pa3zpaboTaHHasi 37ecCh MaTeMaTH4YecKass MOJEINb
Oonee crmokHa, 4eM Mojenb [l], ogHako wuMeeT
CXOJIHYIO CTPYKTYpy. B MOCTpOEHHBIX MOJEnsIX —
3a/la4yaX MaTeMaTHYECKOro MpPOTPaMMHUPOBAHHS —
Bce (pyHKIMU SBIAIOTCS cermapabenbHbIMU, OOJb-
ITUHCTBO W3 HUX — JUHEHHBIC. OCIOXHSIIOT TPO-
[[ecC IMOWCKa ONTHMAJBHOTIO pelIeHus 3aAay Jo-
MTOJTHUTEIILHBIC YCIIOBHS:

1) HekoTOpble (QYHKIMH SIBISIOTCS HEITUHEH-
HBIMH;

2) Ha HEKOTOpbIE TIEPEMEHHBIE HAJIOKEHO Tpe-
0OOBaHUE IETOYNCIICHHOCTH;

3) HEeKOTOphIC NMEPEeMEHHbIE MOTYT MPHUHUMATh
3HAYCHHUS TOJIBKO U3 TUCKPETHOTO MHOXKECTBA.

B Hacrosiiei pabote npeiaracTcs MaTeMaTH-
YEeCKUH ammapaT Ul YMCIEHHOTO PelIeHHs 3ajad
ONTUMU3ALUUU CKJIAJCKOM M aBTOTPAHCHOPTHOU

UHPPACTPYKTYP.
ITocTanoBka 3agaun

YnpoctuB 0003HAUEHUS IEPEMEHHBIX B (DYHK-
Ui, mocTaBuM 3aaadu [1, 6] B ciaemyromieMm 00-
IeM BUJE:
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MHWHHUMU3UPOBATH

£ enx) = 2017 () (1)
IIPU YCIIOBUAX
fi(xl,...,xn)zzj’;(xj)Ribi,i=1, )
j=1

rae R; — 1160 «<», TMbo «=»;

X; € Iso, j=Lm, 3)
2 s; . 1
X; eWw, ={w}, Wipers W, }, j=n+Ln,, (4)
rae wfe Zso, k=1, S;5

x;20, j=n,+1,n (5)

.f;(xj)’ i:O, m,

j=1,n B obmeM ciry4ae SBISIOTCS HETMHEHHBIMI.

CemnapabenbHble  (QYHKIUH

He orpannumBas oOMIHOCTH pacCyXAcHHH, Oymaem
CUMTATh, YTO MHOXECTBO W, YIOPSANOYEHO:

1 2 S; 1
w,<w; <. <w/ (j=m+1,n,). Orvernm Tak-
K€, 4TO OrpaHMYeHHus (2) ONMCAHHOM 3a1ayM 1O03-
BOJIAIOT ONpPENEIUTh MpaBble IPAHHIBI L; A7 Tie-

PEMCHHBIX, TaK 4YTO 3TH 3HAa4YCHHUA LU; MOXHO CYH-
TaTb U3BCCTHBIMMU:

. PE S . -
x;Sug, j=Ln (uj =w/, j=n +1, nz).
B nmanpHelmem mius Kaxaou mepeMeHHOU Oy-
J€T y100HO yKa3bIBaTh M €€ HWKHIOK TPAaHMILY d:

dy<x;<u;, j=ln. ©)
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. T 1
M3naganbHO dj=0, j=Ln, n,+L,nu djzwj,

j=n+1n,.

IIpudnaukeHHOE pelieHne 3a1a49n

B cuity BBICOKOH pa3MEpHOCTH paccMaTpuBae-
MOH 3a/1a4M, HaTU4YKs HeTUHEHHBIX (YHKUUHN B ee
MOCTaHOBKE, a Takxke orpannyenuii (3), (4) Ha me-
peMeHHBIE (LIETOYNCIIEHHOCTh, NPHUHAICKHOCTh
JUCKPETHOMY MHOXKECTBY) OT IIOMCKa ONTHMallb-
HOI'O pEILIeHUs PE30HHO OTKa3arhCcs. bynem wc-
[0J1b30BaTh NPUOIIKEHHBIH MOIXOA K PEIICHUIO
nocTaBieHHon 3axaun (1)—(5). DToT moaxox Hare-
JIeH Ha WCIMOJIb30BaHue 3((EKTHUBHBIX BBIYMCIIU-
TEJIBHBIX CXEM PELICHUS] MHOTOMEPHBIX M BBICOKO-
pa3MepHBIX ONTUMH3ALMOHHBIX 3a7a4.

Jiis npuOMIbKEeHHOTO peleHHus 3aJadd pac-
CMOTpUM €€ HemnpepbiBHYI0 penakcanuio (HP):
OTKaXEeMCsT OT TpeOOBaHUS IIEJIOYUCICHHOCTH
(mMCKpEeTHOCTH) TEPEeMEHHBIX M 3aMEHHUM YCJIO-
Bus (3)—(5) ycnoBuem

x;20, j=Ln. @)

Takum obOpazom, HP ucxonnoii 3agaun (1)—(5)
ecth 3amaya (1), (2), (7).

B xadecTBe MpUOIMKEHHOTO pEIICHUs] UCXO-
HOU 3aJauu MMpUMEM NPUOIIKEHHO ONTHMAaJIbHOE
pemienne HP. B ciyuae nonydeHusi HEynOBIIETBO-
PHUTEIBHOTO 10 Ka4eCTBY NMPUOMIKEeHUs (10 orpa-
HUYCHUSIM, 110 TiepeMeHHbpIM) HP pazomBaeTcs Ha
JBE IOJ3aZiaud, Kakgas W3 KOTOPBIX peLIaeTcs
OTIENBHO U T. 1. 10 TE€X TOp, OKa He OyAeT Moiy-
YeHO MpHEeMJIEMOE 0 KadecTBy peuienue. [Ipemna-
raeMblil OAXOJ COYETaeT B cebe MIeu METoa ce-
napabebpHOro mporpaMMupoBanus [7, 8] u metona
BeTBel u rpanut [9, 10].

[lpuHumass BO BHHMaHHE CenapadeTbHOCTh

GbyHKIMH f;(xj), i=0,m, j=1,_n, IUIsL TIOJTyde-

HUS MPUOIKEHHO ONTHMAJIBHOTO PEIICHHSI 3a7a-
yu HP Bocmomnb3yemMcst MeTofioM cemapabeabHOro
nmporpaMMupoBaHus. [ Hayama BBITIONHUM JIH-
Heapuzauuto HP. Jlng nuneapusanuu 3anaun Kax-
Jasi U3 HEMWHEHHBIX (QyHKIUH f; (xj), i=0,m,

j=L n 3ameHsercs ee KyCOUHO-ITMHEHHOW am-

npokcumManuei. Takum o0pa3om, HCXOAHAs 3a7a4a
HP 3amensiercs npuOnmxeHHON 3aadeil TMHEHHO-
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r0 TPOrpaMMHUPOBAHUS, KOTOpas PEIIaeTcsi CHM-
TJIEKC-METO/IOM.
JInst KyCOUHO-JIMHENHOM anmpoOKCUMAalliK HEJIH-

HEeWHOH (yHKIMH fj[ (x;), d; <x; <u; pazobbem

0 I k
oTpe3ok [d;, u;] Toukamm djzxj,xj e Xy e
x;’ =u;. KycouHO-IMHEHHYIO aNIPOKCHUMALHIO

dhyHKIIIH f; (x;) Ha oTpeske [d}, u;] naer KycouHo-

JUHeHHas QyHKIUSL

g(x)=2K5).  ®
k=0
rac
5 = ©)
k=0

M0, k=0,r; (10)
ixﬁ =1. (11)

k=0

3ameuanune 1. B mnpeacraBnenun (8)—(11)

GyHKIIH f;(xj) s moboro x; €ld;, u;] He

0ojee JBYX COCEIHUX klj‘. A3 MHOXECTBa

A= {kg, klj, wes k;f } CTIEIMAFHBIX MTEePEMEHHBIX

OTJINYHBI OT HYJIS.
Hcronb3yst MpUOIMKEHHOE —MPEICTaBICHHE
(8)—(11) pyukuun f /." (x;), RaguM NpHOIIKEHHOE

npencrasienue 3agaun HP (1), (2), (7) B cnexnyto-
LIeM BUJE:
MUHHMHU3UPOBATh

IS (12)
=1 k=0

IIpU OrpaHUYCHUAX

3300471 )Rbe i=

Jj=1k=0
Yk =1, j=Lm (13
k=0
] .
M=o, k=0,r;.
Hayka
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3ameTrM, 9TO TIpH mocTpoeHnH 3aaaqdu (12), (13)
o i . o
mist Beex QyHkumi f;(x;), i=0, m onHON nepe-
MEHHOM X; HCIOJIb3YETCsI OJHO U TO k€ pa3OueHue
k e
orpeska [d;, u;] Toukamu Xx B k=0, r;, KOTOpO-
MY COOTBETCTBYET CBOEC COOCTBEHHOE MHOXKECT-

BO A, = {7»(;, 7»1/., ey 7»:/} CICHUATBHBIX MEePEeMEH-

HbIX. Takum 00pa3oM, Kak10i NepeMEHHOM X; CTa-

BUTCsI B COOTBETCTBHE MHOXKECTBO A, j =1, n.
3amaga (12), (13) —3amava JTUHEHHOTO IMIPO-
IrpaMMHPOBaHUSI OTHOCHUTEIHHO IEPEMEHHBIX k’;.

Hns pemenns 3amaun (12), (13) ucnons3yem crie-
[MAATBHBIA BapHaHT CUMILICKC-MeTona [8], Omoku-
pyIOIIUi OHOBPEMEHHOE BXOXKIEHUE B Oa3uc 0o-
Jee JIByX COCEHUX MO WHJAEKCY Kk CIeIHaTbHBIX

k .
NepeMEeHHbIX A mpu Kaxiaom j (3amevanue 1).

B wurore MOJIy4YUuM SKCTPEMaJIbHbIC 3HAYCHUSA IIC-
£

PEMEHHBIX (k’j‘) , a CleqoBaTelbHO, M TPUOIH-

JKEHHOE pelleHrne ucxoaHou 3agaun HP

r.

=Y (1) ¥, j=Ln (14)

k=0

o *
Ecnu naiinennsie 3uavenns A; (14) ynosiuer-

BopstoT ycinoBusM (3)—(5), To xf 5 eees x: — ACKOMOE
MPUOTIKEHHO ONTHMAIFHOE pEIIeHne HMCXOMIHON
3agaun (1)—~(5). Ecnmu 310 He Tak, s momydeHUs
pEIIeHus UCTIONB3YEM METO]T BETBEH U TPaHMII.

Bbynem wucnons30BaTh CTaHAAPTHYIO CXEMY
BETBEW W TpaHWI] IJIs PEIICHUS 3aJad JacTHd-
HO LIEJIOUYHUCIICHHOTO JIMHEHHOTO IMPOrpaMMHpPOBa-
Hus [9, 10]. TloaToMy OIycTHM XOpOIIO H3BECT-
HBIE JIeTanu paboThl CXEMBI W OIHIIEM JIMIIh JBa
CHEIU(PUISCKUX MOMEHTA, MPUCYIIHUX PACCMaTPH-
BaeMoOM 3aJaye.

1. Omumem Tporeaypy BETBICHUS, HCIOJb-
3ysl MpUHATBIE 0003HaueHus. JlomycTuM, XOTs OBl
onHo u3 ycnoBui (3) wnu (4) HE BBINOIHSIET-
cs (ycmoBus (5) BBIMONHSIOTCS ABTOMAaTHYECKH).
IlycTh as onpeieIeHHOCTH He BBITIOJIHEHO (4)

! * +1 .
W, <x; <w;, je{n1+1,..., nz}.

Hayka
wrexHuka. T. 16, Ne 6 (2017)

Torma pazoOsem 3amauy HP (1), (2), (7) Ha
nee noazagaun HP1 m HP2, BBeas B HP gomon-
HUTENIbHbIC orpaHuueHus. 3agaya HP1 umeer Bun

D, 2), (7), d; <x, < wj.; 3amaua HP2 mmeer Bupg
(1), ), (1), w,' <x; <u;.

Ecin He Beimonaeno ycnosue (3) u d; < [x;] <
<xj <[xj]+1£uj, je{l, v ”1}= To 3amaya HP1
umeer Bua (1), (2), (7), d;<x; < [x;], a 3ana-

wa HP2 — Bua (1), (2), (7), [x;]1+1<x; <u,.

2. B momnonmHeHUE K CTAaHIAPTHON CXEME BETBEH
¥ TpaHUI] 37IeCh HEOOXOAWMO JIWIIb KKl pa3
BBITIONHATh JIMHEAPHU3AIMIO TMONYYEHHBIX TpHU
BeTBiieHnH HP-3a1ay.

BBIBO/I

[IpencraBien mMeTox TPHUOIIKEHHOTO pellie-
HUA 3aJla4dl ONTUMHU3AINHA PETHOHAIBHON CKIaj-
CKOM ® aBTOTPAHCIOPTHOH WHOPACTPYKTYPHI.
MeTtoa mpenamnoyiara€T MOCTPOEHUE HENMPEPHIBHOU
perakcanuyu MCXOOHOW 3amadd, JWHEeapHu3aIuio
MOJIYYCHHOW HENpPEphIBHOM pelakcaluuu M HC-
MOJIb30BAHUE CXEM CEmapadeIbHOTO MPOrpaMMU-
poBaHUs U BeTBEH, U rpanui]. KoHEYHOCTh METO-
na (alropuTMa pelIieHus) cielyeT M3 KOHEYHO-
CTH MHOXECTB, OIMCHIBAEMBIX COOTHOIICHHUS-
Mmu (3) u (4) IpU JOTOTHUTEIBHBIX YCIOBUsX (6).
Jns yckopeHus mpoliecca MoucKa pelieHus clie-
AYET IPH BBIINOJIHCHUHN JIMHEAPpU3allUN BI)I6I/IpaTI)

6 0 I k 7
TOYKH PAsOUEHUS X, X, .., X;, ..., X OTpe3-

ka [d;, u] Tak, YTOOBI  BBHINOJHSAIOCH

12 » 0 .1 k ;
{wj, Wiy s w;f } c {xj, Xjseens Xjy ey x;f} (dop-
mynma (4)) wm {x; € Zxld;<x;<u;, j=

1 . 0 1 k j
:15 nl}g{xj, xja * xja"" x;'/}

(popmymer  (3),
(6)). Hakoner, ecii TOYHOCTD PEIICHUS HE SBIIS-
eTCS KPUTHYHOH (33a/1adya COCTOUT B TOIYYCHUU
MPUMEPHBIX OIICHOK TapaMeTPOB PEaIbHOH CH-
CTEMBI), TO JUJIsl YCKOPEHUs Ipoliecca MOUCKa pe-
IICHUS PE30HHO OTCEKAaTh €II¢ HE HCCICIOBaH-
HbIE BEPIIMHBI rpad)a BETBICHUN C «ILTOXUMH
OLICHKaMHU.
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