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Pedepar. [TocTpoens! u uccienoBaHbl IpoCcTeinme NpUOIIKEHHbIE GOPMYIIBI ISl YUCICHHOTO HHTEIPUPOBAHUS (PYHKIHH,
COZEPXKAIMUX OCHIUIMPYIONIHE MHOXXHUTENN CIIEIHAIBHOrO BHAA ¢ mapamerpoM. OOmme KBaapaTypHbIE (OPMYINBI B 3TOM
ClIydae MOTYT OBITh HCIIOJIb30BaHbI TOJIBKO IIPH JOCTAaTOYHO MAJbIX 3HAUCHUX mapaMmeTpa. ClieoBaTensHo, 9TO0BI HOTYyIHTh
(hOpMyITEI YNCIIEHHOTO HHTETPUPOBAHNS, IPUTOIHBIE IPH H3MEHEHUH TTIapaMeTpa B IMMPOKUX TPAHUIIAX, HEOOXOAUMO 3apaHee
YUHTHIBaTh HAJMYHE CHIFHO OCHHMUIAPYIOMINX MHOXKHUTENICH. DTO MOXKHO CJIeNIaTh, MPUHUMAsI, HAIPUMEp, TAKUEe MHOXKUTENN
3a BecoBble GpyHKIMH. KpoMe TOro, MOCKONBKY MapaMeTp Crioco0eH NPHHUMATh 3Ha4eHHs, KOTOPhIE 3apaHee MpeaBUACTh He
BCET/[a MOXHO, MPUOIIsKeHHBIE (OPMYJIIBI U BEIYHCIICHUS TAaKUX HHTETPAJIOB HEOOXOANMO CTPOUTH TaK, YTOOBI OHH COIEp-
JKaJIM 3TOT MapaMeTp B OYKBEHHOM BHJIC U OBUIN IPUTOAHBI IS BEIYHCICHHS TIPH JIIOOBIX, B YACTHOCTH P OOJBIINX, 3HAUe-
HUSX NTapaMeTpa. BeraucimrensHble IpaBuia, 00Iafalone TaKUMH CBOHCTBAMH, OOBIYHO MOTYYalOT MyTeM pa30ueHHs MIpo-
MEXXyTKa MHTETPUPOBAHMS HA 3JIEMEHTAPHBIC C MOCIECAYIOIIM IPHOIIDKEHHEM IUIOTHOCTH HMHTErpaja Ha KaXIOM dJIeMEH-
TapHOM TIPOMEXYTKE MHOTOWICHAMH II€pBOH, BTOPOHl M TpeTheH CTeHmeHeH, NpHHUMAas NPH 3TOM OCLIUIHPYIOIIHE
MHO>XKHTEIH 33 BeCOBbIe (DYHKIMHU. B cTaTrhe paccMOTpeH TOT BapHaAHT, KOTJA INIOTHOCTh HHTErPATIOB HAa KaX[OM 2JIEMEHTAp-
HOM IPOMEXYTKE alIPOKCHMUPYETCS MHOTOWICHOM HyJICBOIl CTETICHN — KOHCTAaHTOM, PaBHOH 3HAUSHUIO TNIOTHOCTH B cepe-
JHUHE 3TOT0 NpoMexyTKa. IIomyTHO CKOHCTpyHpoBaHa OJHA HpHONIDKeHHas (hopMyia ISl BBIYHCICHHS HECOOCTBEHHOTO
HHTETpana Mo OECKOHEYHOMY MPOMEXYTKY OT (DYHKIMH, cOJeprKamiel OCIMUIMPYIONINI MHOXHTENb CIENUaIbHOTO BHUIA.
IIpu sTOM IpeanoNarany, 9To MIOTHOCTh HECOOCTBEHHOTO MHTETpasa JOCTATOYHO OBICTPO CTPEMUTCS K HYITIO0, KOT/IAa MOTYITb
apryMeHTa HeOTpaHHIEHHO Bo3pacTaeT. J{pyruMu cIoBaMy, OHA CIUTACTCS MIPEHEOPEKIMO Majoif BHE HEKOTOPOT'O KOHETHO-
ro orpe3ka. [loaydeHs! paBHOMEpHBIE IO MApaMETPy OIEHKH MOTPEITHOCTEH MPHOIIKEHHBIX (OPMYII, HO3BOJAIOMINE BbI-
YHUCISITh UHTETpaJIbl ¢ 331aHHOI TOUHOCTBIO.
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Approximate Integration of Highly Oscillating Functions
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Abstract. Elementary approximate formulae for numerical integration of functions containing oscillating factors of a special
form with a parameter have been proposed in the paper. In this case general quadrature formulae can be used only at suffi-
ciently small values of the parameter. Therefore, it is necessary to consider in advance presence of strongly oscillating factors
in order to obtain formulae for numerical integration which are suitable in the case when the parameter is changing within
wide limits. This can be done by taking into account such factors as weighting functions. Moreover, since the parameter can
take values which cannot always be predicted in advance, approximate formulae for calculation of such integrals should be
constructed in such a way that they contain this parameter in a letter format and they are suitable for calculation at any
and particularly large values of the parameter. Computational rules with such properties are generally obtained by dividing
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an interval of integration into elementary while making successive approximation of the integral density at each elementary
interval with polynomials of the first, second and third degrees and taking the oscillating factors as weighting functions.
The paper considers the variant when density of the integrals at each elementary interval is approximated by a polynomial of
zero degree that is a constant which is equal to the value of density in the middle of the interval. At the same time one approx-
imate formula for calculation of an improper integral with infinite interval of the function with oscillating factor of a special
type has been constructed in the paper. In this case it has been assumed that density of the improper integral rather quickly
goes to zero when an argument module is increasing indefinitely. In other words it is considered as small to negligible outside
some finite interval. Uniforms in parameter used for evaluation of errors in approximate formulae have been obtained in the

paper and they make it possible to calculate integrals with the required accuracy.
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BBenenne

Ilpu peniennun pa3HbIX 3a7a4 NPUKIATHON Ma-
TEMATUKH, MEXaHUKH, (PU3UKH U TEXHUKH MPUXO-
JIATCS. BEIYUCIIATD UHTErPajIbl BUA:

3, (%)=3,(f; )= j f(t)cosatdt; (1)
T

3, (%)=3,(f; x):j f)sinitdt;  (2)
T

3 (M)=3,(f; 2)=[ fme™d; (3

I0)=3(F )= [ foetd, @

—00

e A — IMOJIOKUTEIBHBIN YHCII0BO# apamertp [1-5].

Dopmynel A1 TPUOTMKEHHOTO BBIYHCIICHUS
MOJMOOHBIX WHTETPAJIOB CTPOSTCS OOBIYHO ITyTEM
pa3OueHus NPOMEXYTKa MHTETPUPOBaHUS Ha 3Jie-
MEHTapHble C TOCIEAYIOIUM MPHOIKEHUEM
¢ynkuu f(f) Ha KaxIOM dMEMEHTapHOM MpOMe-
YTKE MHOTOWICHAMM NEPBOH, BTOPOU M TPEThbEM
CTETeHeH, NPUHUMAs MPH 3TOM OCLMUTUPYIOLINE
MHOXHTENX 3a BecoBble QyHKuuu [6—10]. ABTO-
pamMH WCCIEOBaH TOT BapHaHT, Koraa (¢yHK-
mus f(t) Ha 2MeMEeHTapHOM MPOMEXKYTKE arIpoK-
CUMHPYETCS MHOTOWICHOM HYJIEBOW CTENEHH —
KOHCTaHTO#, paBHO# 3Hadenuto f(t) B cepenune
3TOT'0 MPOMEXKYTKA.

1. 3apgaguM Ha TPOMEXKYTKE [—T, T] CUCTEMY

touek t, =kh; k=-n, ..,-1,0,1 ..,n; h= ZET I
_|_

u ammpokcumanuio Gyuknuu f(t) Ha sTOM TIpOME-
JKYTKE OmpeaeanM GopMysion

f~fH=> 0,07 ), (5)

k=-n

344

B KoTopoit 0, (t)=1, eciu te[tk—g, tk+g]

2
Hetpynuo yb6enutses, uro eciu f(t) mempepsis-
Ha Ha otpeske [-T, T, To

u 0, (t)=0, xorga te{tk —g, t, +E}

\f(t)—f(t)\s(o(f;h),te[—T,T], (6)

rie o f; h):t',t"T[?%(,T]|f(t")_f(tl)| — MOIyih

HernpepbIBHOCTH (yHKImH f(t).

Ecnu xe f(t) — nenpepeiBHO nuddepenumpye-
Masi (QYHKIUS HAa 3TOM OTpe3Ke, TO C MOMOIIBIO
dhopmymsr Telinopa JIeTKO yCTaHOBUTD, UTO

‘f(t)— F(t)‘s%h, te[-T,T, @)

rae M, = ter[rjg?(T]| f (t)| .

2. lloncraBuB B (3) ans uHTErpaia Je(f; k)

Bmecto (yukumu f(t) ee mpubmmkenume dopmy-
no#t (5), moyduM MPUOIMKEHHOE YPAaBHEHHE IS
3TOTO MHTETpaia

3(10)=3,(F: 2)=3,(1)= 3 AT ), ®)

k=-n

Q+E

B Kotopom kod(durmentsr A (L) = J' eMdt,

h
t, —
k2

k=-n,..,-10,1 ..,n.

BbIUunCIUB WHTETpagbl B MPABOM YACTH IMO-
CIICIHETO PABEHCTBA U BBIMIOJIHMB HECIIOKHBIC
npeoOpa3oBaHusi, HAXOAWM EIMHOE TpeCTaBlie-
Hue K03} dunreHToB
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2 . AT
€ (1) = =sin——ge"*, 9
AC() A 2n+1 ®)
Koadduumentsr u3 (9) moacraBum B mpaBylo
gacTh (8). B pesynprare npubmmkernHas dhopmyna
JUTs MHTerpaa (3) 3anumercs: B BUJe

Lt ~25 [sin 2T ey o)
ALY sin — .
(154) k;n n+1l A )
OLieHUM TOTPEIIHOCTD MPHOIMKEHHONH (Hop-
Myitel (10).
Teopema 1. Eciu ¢pynxyus 1(t) nenpepoiena na
ompeske [-T, T|, mo ons ecex A umeem mecmo

OYEHKa nocpeutHocmu

3, (1) =3, (1)< 2Tw(f; ). (12)

Ecnu oce 1(t) nenpepuisno oupghepenyupyemas
@yHxyus, mo

3, (1) =3, ()| <T™;h. (12)

Joxka3zaTenbcTBo. O4eBUIHO, YTO

=[3.(F:2)-3,(F:2)) =
]'T[f(t)—f(tﬂei“dt <

< e [1(1)- (¢ H\e'“\

= 2T max\f()_f()\

(13)

U3 coornomenmii (13) u HepaBeHcts (6), (7)
BeITeKaroT onenku (11), (12).

3. 3amenum ¢ynkumro f(t) B maTerpanax (1),
(2) mo popmyne (5). B pesynprare nmomyuum ciie-
JyIOIUe NpUOIMKEHHbIE BBIPAKEHHS ISl WHTE-
rpanos J.(f; 1), Jo(f; A):

[N
o
—
—
>
S
Q
[N
o
—_
—hy
>
SN—
Il
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o
—
>
S—
Il
D=
e
—
>
S—
—
S—
~
H
S
N—r

I (f:2)=3,(F; 2)=J,(r)= Z A (1) £ (t)-(15)

Kosddumuentsr A () u A (L) coorser-

CTBCHHO paBHBI:
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h h
ty +f ty +7

A () = j cositdt; A (L) = _[ sinAtdt,

f - .l
k2 k2

k=-n,..,-10,1 .., n

BrinenuB neicTBUTENBHYIO M MHUMYIO 4YacTd
B (opmyne (9), HaxoouM cleayIOUIME MpPEACTaB-
JICHUS TS 3THX KOS HUIIMEHTOB:

COSAt,;

AT
© sm
AT = 2n+1

2 . AT
®) () ==sin
AT A 2n+1

sinAt,,

k=-n,..,-101 .., n

[ToncraBuM MoOSTyuyeHHBIE BBIPAXKEHUS AEC)(X)

u AES)(X) B npaBble yactu (14) u (15) coorseT-
CTBEHHO. B pesynbTare npuOiamxeHHbIe (HOPMYIIbI
nuist uaTerpainos (1) u (2) 3anuiryTcs B BUAE:

(f:2) zZZ(a COSM“]f(t,{); (16)
k=-n A
22( Sin:tkjf(tk). (17)
k=-n

[Morpemnoctn mpuOmmKeHHBIX Qopmyn (16),
(17) MOXHO CBepXy OLICHUTh TEMH K€ BEIMYHHA-
MH, YTO U MOTPEUTHOCTh MPUOINKCHHOTO YpaBHE-
Hus (10).

Teopema 2. ITycmo ¢pynxyus f(t) nenpepwiena
na ompeske [-T, T|. Toeoa ons ecex A cnpageo-

Jluebl HepaseHcmea.

J.(1)=J. (1) <2To(f; h);
(18)

(1) =T, (1) <2To(f; h).

Ecnu oce f(t) sersiemes nenpepwisno ougpghe-
PeHYupyemoll (pyHKyuei Ha Smom ompesKe, mo

[0 (1) = 3o (M) <T™h, |3, (1) =, (1)< T™,h . (19)

IlOKa3aTeJIbCTBO. 3amnmiiem OYCBUIHBIC COOT-
HOIICHMA:
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T

J‘(x)—Jc(k)‘:‘J (fsn)-3.(F x)‘: :[[f (t)- () ]cosntdt <tenj$1xT]‘f - f(t)‘:[|cosxt|dt§
<2TtEm$xT]‘f f(t )‘
T T (20)
30(1) =3, (1) =, (F:2) = 3, (F:) = [ [ £ (1) = T (1) Jsin < max. ()= (1)] [ [sinat|dt <

<2T max

te[—T ; T]

OuenuBas B (20) tr[71$1_)(T]‘f(t)— f~(tx C TOMO-

uipio (6), (7), morydaem HepaBeHcTBa (18), (19).

4. TIpeamomoxum, uto yrkmus f(t) B unre-
rpaiie (4) mocTaToYHO OBICTPO CTPEMHTCS K HYIIO
npu |t - . Torga, cunras ee npeHeOpeKUMO Ma-

JIOW BHE HEKOTOPOro KoHeuHoro otpeska [-7, 71,
B TMpelenax 3aJaHHOW TOYHOCTH CIIPaBEIHBO
MPUOIKEHHOE PABEHCTBO

J(h)= } f (t)e™dt=1J, ().

-T

(21)

[loncraBuB B (21) mpuOnmkeHHOE MpeACTaB-
nenue wHTerpana (3) dopmymoit (10), momxygaem
NpuOIMKEHHOE YpaBHEHHE sl UHTerpana (4)

AT
=2 sin .
z[ 2n+1
[Ipu omeHke NOTrPEIIHOCTH MPHOINKEHHON

¢dopmynsl (22) cnegyeT yYUTHIBaTh HOTPEIIHOCTD
npubamKeHHoro ypaBaenus (21). byxem mpentio-

J(A)=J, (2

ity
eij t). (22)

Jlaratb, 4TO IIpU OOIBIINX 3HAYCHUIX |t| BBITIOJIHA-

€TCs HEPABEHCTBO

|f(t)|:||%, 0<C<w, 550.  (23)
t
Torna
9 =3, ()| =|] f(O)edt+ ] £ ()e™|<
. ' (24)
dt 2
szif( dt_zcj e
Hamnee
“] (x’)_je(}“)‘:“](;\‘)_‘]e(x)-"‘]e(}“)_je (}\‘)‘S
<3 (M) = 3o (0)|+[3. (1) = To (1)),
346

()~

f(1).

Eciu ¢ynkuus f(t) mmeer HenpepbIBHYIO mpo-
M3BOJHYIO Ha mpoMexyTke |—T, T |, To ¢ yueTom
HepaBeHcTBa (12) Teopembl 1 IpUXOAMM K CIEOy-

Iomlel  OLEHKE MOTPEIIHOCTH HPUOIIKEHHOM
¢dopmynsr (22):
= 2
30)- 3, (1) < ==+ TMh

Ipumeuanue. O4eBUAHO, YTO TPUOIIKEHHYIO
dhopmyny (22) u OIECHKY €€ MOTPEITHOCTH MOXHO
WCIIONB30BaTh IS BHIYMCICHUS wuHTerpana (4)
TOJILKO B TOM ciiydae, korga ¢yukius f(t) gocra-

TOYHO OBICTPO YOBIBAaeT C BO3pacTaHHEM |t| (6 mo-

CTaTOYHO BEJIMKO).
5. Hpumep. KospduureHTs TpUroHOMETpU-

geckoro pana ®ypwee dynxmmu f (t)=e' onpene-
JSTIOTCS (hOpMyTaMu:

17 ~ (-1)" 2shn
je cosmtdt_—n(1+m2)

(- 1)"1+l 2mshr

1tas _
- j e sinmtdt = n(1+m2)

t

e
J|—.m ||

T
PesyanaTH YUCJICHHOI'0 DJKCIICPUMCHTA 110
TOYHBIM (QOpPMYyJIaM M C HOMOLIbIO MPHOIHKEH-

HBIX ypaBHeHuit (16), (17) mpu n = 100 mpuseme-
HEI B Ta0I. 1

Tabauya 1
m Je(m) Je(m) Js(m) Js(m)
1 | -3,6760800 [-3,6756300| 3,6760800| 3,6762300
10 | 0,0727936 |0,0721969 |-0,7279360[ —0,7279660
100 | 0,0007351 |0,0007262|-0,0735142| —-0,0735126

Ilpumeuanue. Tlpennonoxum, 4YTO 3HAYEHUSA
¢yukunu f(X) B y3max kBagpaTypHoii hopmyiisl (8)
BBIYHCIISAIOTCS TPHOIIKEHHO, T. €. BMecTo f(t,)

umeem f (t,), Tak 4TO MOTPEIIHOCTH BBIYHMCICHHS

Hayka
urexHuka. T. 16, Ne 4 (2017)



Natural Sciences

pasHa & = f(t)- f(tk). IMycts |8k|S8, k=-n,..,
-1,0,1,...n. Torma s MOTPEIIHOCTHA BBIYUCIEC-

HUS KBaIpaTypHOU CyMMHI B (8) moydaeTcst Hepa-
BEHCTBO

AW ()~ AL (1) e |A ()

H3 KOTOPOro CICAYCT, UTO TOYHASA BCPXHAA I'paHU-
oa N[OrpemHOCTHU BbIYHUCIICHUA KBaI[paTypHOﬁ

n

cymMmbl B (8) mponopuroHanbHa Z‘Ak(e) (X)‘ .
-n

O1LeHUM 3Ty CyMMY YHCIIOM, HE 3aBUCSIIHM OT A

e fr

2

Zn“‘Ak(e) (7\,)‘ _ zn: eMgt| < Zn:
-n - -n

gikt
dt =
| a3 e

- t -
k2 k2

n 2
=> [ di=ar
-n h

CJ'ICI[OBS.TCJ'H:HO, npu BCCX A CIIpaBCAJINBa
OIICHKa

n n

Y AL (1) -2 ALM (1) <s2T.

-n -n

OueBUAHO, YTO MOTPELIHOCTU B BBIYMCICHUSIX
KBaJpaTypHeIX cymM (14), (15) ouenuBarorcsi Ta-
KO e BeNMYNHON. DTO O03HAYaeT, YTO Mpu OO0Jb-
KX N MOTPEIIHOCTH B BBIYUCICHHUAX YIIOMSHY-
TBIX KBaAPATYPHBIX CYMM HMEIOT TOT K€ MOPSAOK,
YTO W MOTPEUIHOCTh B BbruucieHnn ¢yHkimu f(t).
B Takmx ciydasx TOBOpSAT, 4TO KBaapaTypHbIE
(OpMyJIBI YHCIIEHHO YCTONYUBHI.
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TTO3BOJISIONINE BBIYUCIIATh HHTETPAIBI C 3aIaHHOM
TOYHOCTBIO. [IpuBeNeH YMCIIEHHBIN aHalu3 KBaJ-
paTypHBIX CYMM Ha YCTOWYHUBOCTb.
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